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The difference between the positions of the maximum peak of the carrier wave of a laser pulse and the maxi-
mum of its intensity envelope is termed carrier-envelope phase (CEP). In the last decades, the control and stabi-
lization of this parameter has greatly improved, which enables many applications in research fields that rely on
CEP-stable pulses such as attosecond science and optical frequency metrology. Further progress in these fields de-
pends strongly on minimizing the CEP noise that restricts stabilization performance. While the CEP of most high
repetition-rate low-energy laser oscillators has been stabilized to a remarkable precision, some types of oscillators
show extensive noise that inhibits precise stabilization. The CEP stabilization performance of low repetition-rate
high peak-power amplified laser systems also remains limited by noise, which is believed to stem mainly from the
CEP detection process.
In this thesis, the origins of the CEP noise within four oscillators as well as the noise induced by the mea-
surement of the CEP of amplified pulses are investigated. In the first part, the properties of the CEP noise of one
Ti:sapphire oscillator and three different fiber oscillators are extracted by analyzing the unstabilized CEP traces by
means of time-resolved correlation analysis of carrier-envelope amplitude and phase noise as well as by methods
that reveal the underlying statistical noise properties. In the second part, investigations into the origin of CEP noise
induced by the measurement of the CEP of amplified pulses are conducted by comparing several different CEP
detection designs that are based on f -2 f interferometry. These detection setups differ in the employed sources of
spectral broadening as well as frequency doubling media, both necessary steps to measure the CEP. The results
in both parts of this thesis show that white quantum noise dominates most CEP measurements. In one particular
fiber oscillator, the strong white noise is found to be a result of a correlating mechanism within the employed
SESAM. During amplifier CEP detection, the CEP noise is found to be originating only to a marginal degree from
the number of photons that are detected during the measurement, which excludes shot noise as a limiting source.
Instead, the analysis reveals that the origin of the observed strong white noise can be interpreted as a loss of co-
herence during detection. This type of coherence is termed here intra-pulse coherence and describes the phase
transfer within f -2 f interferometry. Its degradation is a result of amplitude-to-phase coupling during the spectral
broadening process that leads to pulse-to-pulse fluctuations of the phases at the edges of the extended spectrum.
Numerical simulations support the concept of intra-pulse coherence degradation and show that the degradation is
substantially stronger during plasma-driven spectral broadening as compared to self-phase modulation-dominated
spectral broadening. This difference in degradation also explains the much stronger CEP noise typically observed
in amplified systems as compared to oscillators, as the former typically rely on filamentation-based and hence
plasma-dominated spectral broadening for CEP detection. The concept of intra-pulse coherence constitutes a
novel measure to assess the suitability of a spectral broadening mechanism for application in active as well as in
passive CEP stabilization schemes and provides new strategies to reduce the impact of the CEP detection on the




Diese Arbeit beschäftigt sich mit der Identifizierung und Minimierung fundamentaler Rauschquellen, die zu einer
Limitierung des erreichbaren Carrier-Envelope Phasen (CEP) Jitters führen. Die Carrier-Envelope Phase beschreibt
die Differenz zwischen dem Maximum der Trägerwelle und dem Scheitelpunkt der Intensitätseinhüllenden. In den
letzten Jahrzehnten hat sich die Kontrolle und Stabilisierung der CEP deutlich verbessert, was zu einem schnellen
Fortschritt in Forschungsfeldern geführt hat, bei denen CEP-stabile Pulse notwendig sind. Diese Forschungsfelder
umfassen die Attosekundenforschung und optische Frequenzmetrologie. Weitere Entwicklungen in diesen Feldern
hängt stark von der Minimierung von CEP Rauschen ab, welches die CEP Stabilisierung stark beeinträchtigt.
Obwohl die CEP der Pulse der meisten Laseroszillatoren mit hohen Repetitionsraten äußerst genau stabilisiert
werden kann, existieren einige Laseroszillatoren bei denen starke Rauschquellen eine Stabilisierung verhindern
oder stark einschränken. Des Weiteren zeigen vor Allem verstärkte System mit niedrigen Repetitionsraten und
hohen Spitzenleistungen eine Beschränkung der CEP Stabilisierung aufgrund von Rauschen, dass vermutlich zum
großen Teil durch den Detektionsprozess entsteht. In dieser Arbeit ist der Ursprung von CEP Rauschen in vier un-
terschiedlichen Laseroszillatoren sowie während der Detektion der CEP von verstärkten Systemen untersucht wor-
den. Im ersten Teil wurden die Eigenschaften des CEP Rauschens eines Ti:Saphir-basierten Oszillators und drei
verschiedener Faserlaser analysiert. Hierzu wurde das Rauschen unter anderem mittels zeitaufgelöster Korrela-
tionsanalyse von Carrier-Envelope Amplituden- und Phasenrauschen sowie mittels Methoden, die die statistischen
Eigenschaften des Rauschens offenlegen, analysiert. Im zweiten Teil der Arbeit wurde das Rauschen untersucht,
welches durch den Messprozess der CEP von verstärkten Pulsen mittels f -2 f Interferometrie entsteht. Experi-
mentell wurden hierzu vier unterschiedliche Detektionsanordnungen verwendet, die sich durch die Nutzung unter-
schiedlicher nichtlinearer Prozesse zum Erzeugen der spektralen Verbreiterung sowie zur Erzeugung der zweiten
Harmonischen unterscheiden. Die Ergebnisse in beiden Teilen der Arbeit zeigen dominierendes weißes Quan-
tenrauschen in den meisten CEP Messungen. In einem bestimmten Faserlaser, in dem besonders starkes weißes
Rauschen vorlag, konnte der Ursprung einer Wechselwirkung innerhalb des verwendeten halbleiterbasierten sättig-
baren Absorbers zugeordnet werden. Bei der Detektion der CEP bei verstärkten Systemen wurde hingegen gezeigt,
dass niedrige Photonenzahlen und damit Schrotrauschen nur zum kleinen Teil für die starken weißen Rauschanteile
verantwortlich gemacht werden kann. Stattdessen kann die Ursache des starken Rauschens einem Verlust von Ko-
härenz zugeordnet werden. Diese Art von Kohärenz ist hier mit intra-Puls Kohärenz bezeichnet und beschreibt
den Phasentransfer innerhalb der Detektion mittels f -2 f Interferometrie. Der Verlust von intra-Puls Kohärenz ist
eine Folge von Amplituden-zu-Phasen Koppelung während der spektralen Verbreiterung. Von Puls zu Puls führt
dies zu Fluktuationen der Phase an beiden Rändern der erzeugten spektralen Verbreiterung. Numerische Simula-
tionen unterstützen das Konzept der intra-Puls Kohärenz und zeigen auf, dass die Degradation bedeutend stärker
bei plasmadominierten Prozessen ausfällt als im Vergleich zu spektraler Verbreiterung mittels Selbstphasenmodu-
lation. Dieser unterschiedlich starke Verlust der intra-Puls Kohärenz erklärt das deutlich höhere Rauschniveau in
verstärkten Systemen im Vergleich zu Oszillatoren, da verstärkte Systeme plasmadominierte Prozesse zur spek-
tralen Verbreiterung nutzen. Das Konzept der intra-Puls Kohärenz stellt ein neues Maß zur Einschätzung einer
Methode zur spektralen Verbreiterung für eine bestimmte Anwendung dar, die sowohl in aktiven sowie passiven
CEP Stabilisierungen von Lasern eine Rolle spielt. Es ermöglicht somit neue Strategien, um den Einfluss der
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Mode-locked lasers enable routine generation of ultra-short pulses that comprise only few electric field
oscillations underneath the intensity envelope [1, 2, 3]. In these few-cycle pulses the field strength of
neighboring peaks of the carrier wave can vary greatly, which makes the position of the strongest peak of
the carrier wave with respect to the intensity envelope maximum an important parameter. This difference
is termed carrier-envelope phase (CEP) and is of particular importance for the application of ultra-short
high peak power pulses in experiments that involve highly nonlinear light-matter interaction such as
high-order harmonic generation (HHG) [4] and the generation of isolated attosecond pulses (IAP) [5,
6]. These ultra-short high peak power pulses are routinely generated by means of the chirped-pulse
amplification (CPA) technique that has been recently awarded with the Nobel prize in physics.
In the frequency domain picture of the output of a mode-locked laser, the CEP counterpart termed
carrier-envelope offset (CEO) frequency determines the stability of the position of the frequency comb[1].
In frequency metrology, the stabilization of this CEO frequency and the pulse repetition frequency en-
able extremely precise measurements of frequencies that are widely used in optical clockworks and will
eventually be used in the future definition of the unit of time [7, 8]. In 2005, the importance of frequency
metrology was recognized by the Nobel prize in physics [9].
Thus, applications of ultra-short laser pulses in frequency metrology as well as in attosecond science
require the stabilization of the CEP at high precision. This demands the identification and minimization
of fundamental noise sources that easily spoil the precise control over the CEP. This noise is predomi-
nately induced during pulse formation, pulse amplification and during the CEP detection process. While
the CEP was measured for the first time by cross-correlation of two successive pulses [10], improved pre-
cision and subsequent control was enabled by means of f -2 f interferometry [11], which provides access
to the CEP by heterodyning two harmonics of one pulse. Over time, the measurement and stabilization
has been fine-tuned and reached a point where the CEP of a Ti:sapphire oscillator can be stabilized with
residual jitters of less than 20 mrad [12]. Today, while the CEP of Ti:sapphire–based oscillators is rou-
tinely controlled very precisely, a large class of oscillators still exists that are hard to stabilize. Among
these, especially high-repetition low-energy fiber oscillators have partly been spoiled by excessive noise
that inhibits stabilization. The origin of this strong noise strongly depends on the type of laser and is not
fully understood yet. Investigations into the governing mechanisms that determine CEP noise within the
cavity mainly rely on interpreting frequency noise densities. A deeper understanding of the origin of the
CEP noise may be achieved by the application of novel methodologies that allow to reveal the complex
intra-cavity interaction of linear and nonlinear effects.
Despite the precise control of the CEP of ultra-short pulses of at least some types of oscillators,
the stabilization of the CEP of high peak power pulses generated by amplified laser systems has re-
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mained limited by noise in most cases [13, 14, 15, 16, 17]. Even when employing the best-performing
CEP-stabilized Ti:sapphire-based oscillators in combination with CPA-based amplifiers the stabilization
performance of these amplified systems has stagnated considerably above 100 mrad residual jitter [5, 6,
18, 19] on a shot-to-shot basis. Another class of laser amplifiers based on optical parametric chirped-
pulse amplification (OPCPA) provides much longer wavelengths compared to traditionally employed
near infra-red Ti:sapphire-based CPA lasers. Longer driver wavelengths enable higher harmonics to be
generated, which, in turn, allow ever shorter attosecond pulses. OPCPA systems rely on parametric
three-wave mixing for the passive stabilization of the CEP, which is enabled by the removal of the CEP
offset in one of the resulting pulses [20, 21, 22] and thus do not require active stabilization. Neverthe-
less, in many cases, the remaining jitter amounts to several hundred milliradian and may readily exceed
a radian [15], i.e., the CEP stabilization in those cases is not suitable for CEP-sensitive experiments. A
third promising avenue for short pulse generation are mode-locked thin disk lasers that are characterized
by high peak powers combined with MHz repetition rates straight out of the oscillator. Until now this
class of oscillators has only demonstrated proof-of-principle results of CEP-stabilized performance [23]
as the stabilization of these systems has been found difficult [13, 14].
While these lasers differ in the way they provide high peak power ultra-short pulses and hence may
have different noise sources, they share the same approach for measuring the CEP, i.e., they rely on
f -2 f interferometry. During CEP detection, the spectral content of the pulse is substantially broadened
to extend over one octave. Subsequently, frequency-doubling of the lower-energy wing is carried out.
The interference fringes of the fundamental and second harmonic provide access to the CEP. During the
nonlinear processes, the CEP may be compromised by additional uncertainty that is introduced by shot
noise [16, 24] and amplitude-to-phase coupling during spectral extension [25]. The former, shot noise, is
ultimately the result of unavoidable conversion losses during the nonlinear processes within f -2 f inter-
ferometry. This loss leads to low photon numbers that can reduce the precision of the CEP measurement.
While it is believed that shot noise introduces substantial CEP noise, it remains unanswered to what ex-
tent it is actually interfering with proper CEP extraction and stabilization. Amplitude-to-phase coupling
during spectral broadening and its effect on the CEP measurement has not been deeply investigated so
far. As it turns out, the underestimated effect of this coupling can be interpreted as a type of coherence
degradation that ultimately has implications for the whole field of CEP stabilization.
The work presented in this thesis sets out to investigate the origin and influence of fundamental noise
sources that are present during pulse formation and CEP measurement and strongly compromise the
stabilization of many oscillators and amplified systems. The presented findings provide new perspectives
for the CEP stabilization of currently unstabilizable oscillators and new routes to substantially improve
CEP stabilization of amplified sources by bringing sub-100 mrad jitters within reach.
2
Chapter 1
Ultrashort Laser Pulses in
Dielectric Media
This chapter begins with the theoretical background of laser pulses, which includes the mathematical
approach for pulse propagation through dielectric media. As most measurement schemes of the carrier-
envelope phase (CEP) rely on nonlinear spectral broadening, the important concepts of filamentation
and spectral broadening in general are thus provided. Furthermore, mode-locking mechanisms are intro-
duced that enable ultra-short pulse generation deep into the femtosecond regime. These mode-locking
principles provide the basis for the understanding of fundamental CEP noise formation mechanisms in
various laser oscillators. Subsequently, the carrier-envelope phase, its measurement and stabilization in
oscillators and amplified systems is introduced. Finally, potential noise sources and coupling mecha-
nisms during pulse formation within the oscillator as well as amid pulse propagation are discussed and
further extended by noise that is appended during measurement of the CEP.
1.1 The Electromagnetic Pulse in Dielectric Media
Laser pulses can be described as the superposition of waves that are solutions of the wave equation,
which is deduced from Maxwell’s equations. In an isotropic, homogeneous, transparent medium with
electronic displacement D, an electric field E and free carriers forming a current density J originating










where ∇2 = ∂ 2x +∂ 2y +∂ 2z represents the three-dimensional Laplacian operator and µ0 the magnetic con-
stant. The electric displacement relates to the polarization P via D = ε0E+ P, with ε0 the vacuum
permittivity. In dielectric media, where the intensity is usually well below the ionization threshold and
only the polarization is relevant to describe the response of the medium, the current density J is typically
considered zero. However, in the case of laser filamentation the light field is highly localized, thus intense
enough for ionizing the media and consequently, J is no longer negligible when a plasma is present. In
order to obtain a solution of the wave equation, the description of light propagation is limited to weakly
divergent laser beams. Therefore, the paraxial approximation is employed, where the wave vector per-
pendicular to the direction of propagation is considered negligible, i.e., k⊥  k. Thus, the solution of
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Eq. 1.1 is then described as a mono-frequent, continuous plane wave E. Considering linearly polarized
light, the electric field of a plane wave can be mathematically expressed as the combination of a carrier




ex[E(r, t) exp(ikzz− iωt)+ c.c.] , (1.2)
where ex = (1,0,0) gives the x-direction as the linear polarization orientation, which is perpendicular
to the wave vector k = (0,0,kz) with kz = ωnc . Here the wave frequency is denoted as ω and the linear
refractive index as n. Any superposition of these plane waves with different frequencies also represent
a solution of the wave equation 1.1. In fact, the superposition of multiple waves E˜ that have different





E˜(ω) exp(iωt)dω , (1.3)
where E˜(ω) is the electric field in the frequency domain. In general, an optical pulse has the mean or
carrier frequency ωc, which is specified as
ωc =
∫ ∞
−∞ω |E˜(ω)|2 dω∫ ∞
−∞ |E˜(ω)|2 dω
. (1.4)
In the case of optical laser pulses with central frequency ωc, the spectral width ∆ω and pulse duration
τ are two dependent parameters and relate via the time-bandwidth product τ∆ω ≥ const., where the
constant depends on the pulse shape. The shortest obtainable pulses are characterized by a flat spectral
phase, which is referred to as bandwidth-limited or Fourier-limited pulses. Under the condition that
the spectral amplitude E˜(ω) extends only a small range around ωc, i.e., ∆ω  ωc, the time-dependent
electric field of a laser pulse propagating in the z-direction can be written as
E(z, t) = E(z, t) exp(iϕ(z, t)) exp(−iωct) , (1.5)
where E(z, t) and ϕ(z, t) represent the envelope and phase of the pulse, respectively. Assuming a narrow
spectral width, commonly referred to as the slowly-varying envelope approximation (SVEA), the tempo-
ral and spatial variation of the envelope are small compared to one oscillation of the electric field, which
can be expressed as ∣∣∣∣∂E∂ z
∣∣∣∣ |k(ωc)E| and ∣∣∣∣∂E∂ t
∣∣∣∣ |ωcE| , (1.6)
with k(ωc) the wave number at the carrier frequency. At a central wavelength of 800 nm, the SVEA is
fulfilled for pulses as short as 10 fs, which then consist only of about four oscillations of the underlying
electric field. However, the SVEA breaks down for pulses with less optical cycles, where a separation
of the pulse into an envelope and a phase term does not hold anymore. Then, higher-order terms get
relevant during pulse propagation and a neglectance of those terms would violate energy conservation as
unphysical dc-fields are introduced. Advanced theories have been developed to properly describe pulse
propagation within this regime [29, 30, 31]. Since only experiments with pulses longer than 10 fs are
considered in this thesis, the validity of the SVEA is expected.
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1.1. The Electromagnetic Pulse in Dielectric Media
1.1.1 Propagation
During propagation through dielectric media, the pulse experiences the refractive index n = n(ω) as
frequency-dependent, which, in turn, affects the pulse shape and pulse duration. Expanding the frequency















The expansion of the dispersion relation describes the interaction between the different frequencies of
the pulse with media, where β0 and β1 represent the phase velocity vp = ωc/β0 and group velocity
vg = 1/β1, respectively. While the former defines the velocity of the carrier wave, the latter relates to the
speed of the propagating envelope. Higher order terms, namely β2 and β3, are referred to as the group-
velocity dispersion (GVD) and third-order dispersion (TOD), respectively, and have a direct influence on
the pulse duration. Further terms are neglected here.











experienced by the pulse are different. Hence, pulse propagation through dispersive media results in the
continuous phase slips of the carrier wave relative to the envelope. Referred to as group-phase offset
(GPO), this continuous evolving difference affects the evolution of the carrier-envelope phase (CEP)
[11, 32]. In a more illustrative way of speaking, the CEP is the difference of the strongest electric field
antinode and the envelope peak that is therefore affected by the changing of the GPO. During propagation




















Hence, the main influence on the GPO is due to β1, while higher orders generally act on the temporal
pulse shape. So far, the treatment of the pulse propagating through dispersive media has neglected
absorption. In a real medium, however, the refractive index n(ω) =
√
ε(ω) ·µ needs to be expressed
using a complex scalar dielectric function ε˜(ω), while the permeability µ is typically approximated to 1.
ε(ω) = 1+χ(1)(ω), and (1.12)








1The group refractive index is defined as the vacuum speed of light relative to the group velocity and hence depends on the
wavelength.
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where χ(1)(ω) is the linear susceptibility, εr(ω) and εi(ω) the real and imaginary part of the dielectric
function and α(ω) the absorption function. The susceptibility relates the dispersive properties to the
linear polarization P(ω) = ε0χ(1)(ω)E˜(ω). The connection between absorption and dispersion can be
quantified by the Kramers-Kronig relation [33, 34], which in general relates the real and imaginary part







Ω2−ω2 dΩ , (1.14)
where Ω is the angular frequency of the integration and CH denotes the Cauchy principal value of the
integration result.
1.1.2 Nonlinear Polarization
When the optical intensity I = cnε0|E|2/2 exceeds several TW/cm2, higher-order terms of the polarization
become important. Then, the response of the medium deviates from linear behavior, which can be
expressed by a Taylor expansion
P = P(1)+PNL with (1.15)
PNL = P(2)+P(3)+P(4) . . . (1.16)
= ε0
(
χ(2)E2+χ(3)E3+χ(4)E4+ . . .
)
. (1.17)
Although the electric susceptibility χ is formally a tensor, here only isotropic media are considered,
which allows simplification of χ to a scalar quantity. In centro-symmetric materials such as many gases,
liquids and crystals, the even-order susceptibilities are vanishing and only first, third and higher odd-
order susceptibilities are present. In the case of inversion symmetry, substituting the electric field from






3|E|2exp(iωt− ikz)+E2exp(3iωt−3ikz)]E(r, t)+ c.c. , (1.18)
where the first term oscillates with a frequency of ω and the second term leads to an oscillation at 3ω ,
commonly referred to as third harmonic generation. While for the latter phase-matching needs to be
considered in order to avoid destructive interference of the newly generated third harmonic, the former
term renders the polarization to be intensity-dependent, thereby inducing an index change ∆n [28]
∆n = n2I(r, t) =
3
2n20ε0c
χ(3)I(r, t) , (1.19)
where n0 represents the linear refractive index and n2 the nonlinear refractive index. Hence, the combined
refractive index under strong intensities I(r, t) can be written as
n(I(r, t)) = n0+n2I(r, t) . (1.20)
The intensity-dependence of the refractive index and hence the nonlinear response of the medium is
referred to as the all-optical Kerr effect [28]. In the time domain, the Kerr effect induces self-phase
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modulation (SPM), which is proportional to the length L of the media
φnl(t) =−n2I(t)ωc L . (1.21)
As a result of Eq. 1.21, new frequencies are generated. Besides this self-phase modulation, the spatial
intensity distribution of a laser pulse leads to self-focusing within a Kerr medium. Both nonlinear effects
are further discussed in the upcoming section 1.1.3.
1.1.3 The Formation of a Filament
As mentioned earlier, the third-order nonlinearity plays a key role in the broadening process of the
incident spectrum. Limiting the discussion to only positive n2, a spatial Gaussian intensity profile leads to
an intensity-dependent refractive index change that is stronger at the center of the pulse, which effectively
increases the optical path in the center. This can be described as a tilt of the phase front of the laser beam
comparable to the propagation through a focusing lens and results in self-focusing, which is arrested
by plasma generation and linear diffraction. Neglecting at first the plasma generation for the sake of
simplicity, linear diffraction can only be surpassed if the increasing intensity leads to an even stronger
decreasing beam waist. However, this is not the case as diffraction is strengthened. Hence, to overcome
linear diffraction and enable self-focusing to dominate, the beam waist needs to stay constant while
the intensity is increased. Thus increasing power, not intensity is required to overcome linear diffraction.
The necessary power to overcome diffraction by employing a continuous-wave laser is termed the critical





where λ is the central wavelength. The effective self-focusing length for a collimated laser beam is









where z0 = pin0w2r/λ is the Rayleigh length of the initial laser beam. Once self-focusing is increasing
the intensity I within a dielectric media strongly, the generation of free electrons becomes increasingly
relevant. Ultimately, at high enough intensities, this plasma generation leads to a balancing of both
processes, in which the pulse experiences regions of focusing and subsequently, a region of plasma-
induced defocussing, followed again by self-focusing. This results in the formation of a stable filament





where ωp is the plasma frequency, me the electron mass and Ne the electron density. The negative
contribution of the intensity-dependent refractive index is then canceled out if the electron density Ne
within the plasma reaches 1017 - 1018 cm-3 [37]. The highest intensity for a stable filament is given by
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where τp is the pulse duration, W the ionization rate, and Nnt and Nc are the neutral and critical electron
densities, respectively. Plasma generation causes photon loss and hence, after several periods of balanced
propagation, the pulse power drops below Pcrit and diffraction dominates over the nonlinear effects. Dur-
ing filamentation, spectral broadening is enabled due to a combination of various nonlinear processes
such as self-phase modulation (SPM), plasma generation and four-wave mixing. In gases, the nonlin-
earity n2 is about a thousand times smaller as compared to in solids, which leads to a critical power that
is around three orders of magnitude higher. However, due to an additional thousandfold increase of the
ionization rate W [39], which leads to a decrease in required intensities to balance self-focusing in solids
relative to gases, the clamping intensity in both is roughly equal and in the order of 1013 to 1014 W/cm2.
Nevertheless, pulses with mJ pulse energy can be employed for filamentation in gases, while energies are
limited to hundreds of nJ in solids as the filament diameter is drastically increased in the former [37, 40].
If the power is increased multiple times beyond the critical power Pcrit, modulation instability begins to
dominate, which leads to pulse breakup and multi-filamentation. Modulation instability describes the
strengthened nonlinearly intensification of small disturbances [41] that ultimately lead to pulse breakup
and the opening of new filaments when the input power exceeds the critical power many times over. The
resulting far-field that consists of the interference of several filaments is termed multi-filamentation.
In this thesis, however, only the single filament case is further discussed, in which a continuous, typ-
ically polarization-maintaining and coherent octave-spanning spectrum can be generated. The interested
reader is referred to [42, 43] for further details on multi-filamentation. Having discussed the fundamen-
tals of pulse propagation through dielectric media, the self-induced spectral extension is illuminated by
discussing four different models in the next part. These models will be of interest for evaluating the
influence of the spectral broadening mechanisms on the measurement of the CEP.
1.2 Theory of Supercontinuum Generation
Previously, the interaction of a pulse with dielectric media that results in the formation of a filament has
been discussed. In this way, guided propagation of laser pulses can be achieved, which enables a severe
increase in intensity over large distances and thereby allows a strong contribution of the nonlinearity over
time. Then, spectral extension is achieved that can exceed one octave, which is termed supercontinuum
generation (SCG). As supercontinuum generation is a prerequisite for most CEP detection schemes, a
detailed discussion provides the basis for the later presented analysis. Since spectral broadening can
be achieved in various ways, it is here introduced by four models illuminating the process of spectral
extension from different angles.
1.2.1 Self-Phase Modulation
Self-phase modulation (SPM) is the dominating process that induces the generation of new frequency
components in the presence of a steep intensity profile especially during the propagation through optical
fibers [44]. On-axis propagation of a laser pulse with intensity profile I(z, t) and central frequency ωc
8
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Figure 1.1: Nonlinear effects acting on the pulse. a) Gaussian intensity distribution and resulting symmetrical
broadening induced by SPM with longer wavelengths at the front and shorter wavelengths at the back of the pulse.
b) Sketch following [47] of self-steepening acting on the pulse with increased propagation through a third-order
nonlinear medium. The peak is shifted to the back, while the front slope is flattened. With SPM depending on the
slope, the spectrum is far more extended to short wavelengths than longer ones.
















where ∆ω+ (∆ω−) determines the maximum rate of decrease (increase) of nonlinear phase and hence
spectral extent. As can be seen in Eq. 1.27 and is illustrated in Figure 1.1 a) red-shifted new frequencies
are generated on the leading edge, while the trailing, decreasing intensity profile leads to a blue-shifted
extension. In simulations carried out employing a simple SPM theory [45, 46], where the symmetric
intensity envelope is assumed to stay constant while propagating, a nearly symmetric spectral extension
to the Stokes and anti-Stokes side is present as shown in Fig. 1.2 a).
In a precise description of SPM by Yang et al. [48], where plasma generation is neglected and a











where Q= 2n2IL/(cτ0), τ0 the pulse duration and I the intensity. For Q 1, this converges to symmetric
spectral broadening, while for Q 1 asymmetric broadening is present. Implementing self-steepening
leads to a much stronger asymmetry in closer approximation with the experimental observation. Self-
steepening is a result of the intensity-dependent refractive index, effectively reducing the group velocity
at the peak of the pulse, while the front and trailing part of the pulse are only weakly affected, which
results in a deformation where the trailing part catches up with the center of the intensity profile. In a
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normal dispersive regime, this leads to a slowly increasing envelope that abruptly rolls off after the peak
as is sketched in Fig. 1.1 b). In combination with strong space-time focusing, the abrupt roll-off of the
intensity within the timescale of an optical cycle at the back-end of the pulse leads to an experimen-
tally seen blue pedestal, even without considering any plasma contributions. This is referred to as the
formation of an optical shock [49, 50]. It is observed that the shock formation needs to precede plasma
generation to enable supercontinuum generation. However, for a proper modeling of experimental results
from filament-based spectral broadening, plasma generation needs to be taken into account as it arrests
self-focusing. This is of particular relevance in the context of limitations for spectral broadening, where,
e.g., a band gap Eg dependence of the onset threshold for SCG relative to the energy of the photon Eph
can be observed, i.e., Eg/Eph ≥ 3. Hence, if the band gap is too small, self-focusing is arrested too early
by plasma generation prior to the formation of the optical shock and the filament. Moreover, the high
frequency cut-off of the generated spectrum also depends on the band gap of the material [50, 51, 52].
In order to explain these effects, a more sophisticated view on spectral broadening via filamentation is
required.
1.2.2 Plasma-Dominated Spectral Broadening
Within a filament that is formed by a laser pulse with pulse powers above Pcrit and below optical break-
down, self-focusing is arrested by plasma formation and linear diffraction. The former, plasma formation,
is a result of the ionization dynamics within the media, which are either caused by multi-photon exci-
tation or tunnel ionization. Both ionization mechanisms essentially describe two limiting cases of the
process of ionization, while the dominating mechanism depends on the laser pulse and material charac-
teristics. In this work, the models employed are essentially in the multi-photon excitation regime that
can be explained by a perturbative approach.
In the upcoming part, the photoionization by intense fields from a general perspective is briefly intro-
duced, which is followed by a first approach to model plasma generation using a N-th order multi-photon
process in combination with Drude theory. Then, a more precise description of ultra-short pulse prop-
agation through media with χ(3) nonlinearity is provided that employs the nonlinear envelope equation
(NEE).
Photoionization in Intense Fields
As filamentation requires the formation of a plasma to counteract self-focusing, there is a strong need
to understand the ionization dynamics of atoms and molecules in intense laser fields. While the pre-
cise ionization probability of atoms is calculated solving the time-dependent Schrödinger equation, this
approach is numerically challenging and simple analytic solutions are preferred. First efforts in this di-
rection were undertaken by Keldysh [53], who, starting from first-oder perturbation theory, developed a
photoionization rate for hydrogenic atomic systems in their electronic ground state without considering
Coulomb interaction of the freed electron and residual ion [26]. From the photoionization rate, Keldysh
was able to deduct a parameter γ that allowed separation of the ionization scenario into the tunnel ion-
ization regime for γ  1 and the multi-photon ionization (MPI) regime γ  1. Later referred to as the
10
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where me and q are the electron mass and charge, respectively. The ionization potential of the atom is
given by Ui, while Ep = ω/q
√
Up4me describes the electric field within which the freed electron oscil-
lates and where it holds a ponderomotive potential Up. Essentially, the Keldysh parameter separates two
limiting cases of the ionization process. It can also be expressed as the ratio of the tunneling time of
the electron across the potential barrier of the atom and the oscillation period of the laser field. Since
filamentation is limited by a clamping intensity in the order of 1013 W/cm2, this leads to a Keldysh pa-
rameter at 800 nm central wavelength, e.g., for xenon in the range of γXe = 3.2. For solids, the ionization
potential can be exchanged by the band gap [54], i.e., γ =
√
Eg/2Up. Thus, e.g., under the same condi-
tions as above for xenon a Keldysh parameter for sapphire of γSa ≈ 2.87 is reached. Therefore, further
discussion is limited to the multi-photon regime.
Considering the extreme multi-photon excitation scenario, where γ→ ∞, it is possible to express the
ionization rate W by [26]



















K = mod(Ui/h¯ω)+1 the number of photons simultaneously absorbed to liberate an electron. For sim-
plicity, atomic units (a.u.) are used within this part, where me = h¯ = q = 1[26]. Conversion of the
cross-section to SI units s−1cm2K/W K is carried out by σ (K) = σK [a.u.]/[2.42×10−17×(3.51×1016)K ].
An experimental approximation is given later in Eq. 1.36.
While the Keldysh theory enables an approximative description of photoionization in solids and
liquids, for gaseous media another theory developed by Perelomov, Popov and Terent’ev (PPT) is com-
monly employed. The PPT model allows to consider any atomic state as possible initial state and also






















β (κ−ν)) , (1.32)
where g =
√
1+ γ2 and Z the residual ion charge. With l,m the orbital angular momentum and the
magnetic quantum number, respectively, the effective quantum number n∗ = Z/
√
2Ui and l∗ = n∗−1 the
effective orbital quantum number can be given. The initial atomic state influences the ionization rate via
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Figure 1.2: Simulated SPM-dominated and plasma-dominated broadening with the resulting spectral extension in
a) and the nonlinear phase shift in b). Relaxation dynamics are not included.
Cn∗,l∗ and f (l,m), which can be written as
|Cn∗,l∗ |= 2
2n∗




With the possibility of considering an arbitrary initial state of the atom and including Coulomb in-
teraction, description of a broader range of atoms and their interaction with light is possible. Despite
proper description of the photoionization of atoms in both extreme regions of the Keldysh parameter,
discrepancies are found to experimental observations when it comes to more complex atomic and molec-
ular systems, especially in the tunneling regime. For γ  1, the Ammosov, Delone and Krainov (ADK)
model [55] is often used for complex systems. A more rigorous description and deduction of the ion-
ization rate of the PPT and ADK models can be found in [26, 56, 57, 58]. Nevertheless, despite being
limited to hydrogen-like atoms and neglecting the Coulomb interaction of the freed electron and ion, the
Keldysh theory is very well suited to describe photoionization in the MPI regime, which is made use of
in the upcoming section.
Multi-Photon Ionization Dominated Spectral Broadening
In the multi-photon regime, i.e., when γ  1, the ionization rate is found to scale according to Equation
1.30 for a K =mod(Eg/h¯ω)-th order absorption process with a minimum required number of photons K
to overcome the band gap Eg ≤ K h¯ω .
Starting from the wave equation 1.1, which includes a current density J = qNeve [26], with ve the
electron velocity and Ne the electron density, temporal dynamics of the electron density can be described
by including the photoionization and relaxation process. A rate equation is given by [59]
dNe(t)
dt
= αNe(t)ζ I(t)+βK [ζ I(t)]K− Ne(t)T , (1.35)
where I(t) is the pulse intensity, Ne(t) the time-dependent electron density, α the avalanche coefficient,
βK the K-th order multi-photon absorption coefficient and T the effective relaxation time. ζ gives the
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ratio of the maximum internal to incident intensity [60, 61]. The right-hand side of the rate equation from
left to right consists of a term describing avalanche photoionization, a multi-photon excitation term and
lastly, a relaxation term. The contribution of the latter is typically of negligible importance in gases when
considering ultra-short pulses, as the time scale is in the order of nanoseconds [26]. However, in solids,
this timescale can vary strongly, but has been observed to be typically above 50 fs [26, 59]. This results
in a slow linear decrease of the freed electrons if ultra-short pulses of 10 fs duration are used. In silica
and sapphire, the effective decay time is around 220 fs [59]. While for picosecond pulses, relatively slow
avalanche ionization is found to strongly enhance SPM on the anti-Stokes side [62, 63], for femtosec-
ond pulses free-electron generation must be dominated by a much faster process such as multi-photon
ionization [53, 64, 65]. In order to cancel the Kerr effect, electron densities of 1017 to 1018 cm-3 are
required. These electron densities are not easily reached by means of avalanche ionization for ultra-short
pulses as electron densities are only doubled after roughly 50 fs at intensities of 1013 W/cm2. Therefore,
the initial contribution of avalanche ionization to femtosecond pulse-induced plasma generation is small.
Nevertheless, this contribution can be substantially higher after electrons have been freed by MPI and
subsequently accelerated by the intense laser field [37, 52, 62, 65]. In the case of sapphire and silica, α
is 12 cm2/J and 8 cm2/J, respectively. However, the actual contribution was shown to be small far away
from the damage threshold [66]. MPI on the other hand has a rise time that is comparable to the pulse du-
ration and will directly affect the pulse. It depends on the multi-photon absorption rate that is calculated
by the Keldysh or PPT theory, and therefore on the atom to be ionized. Although the Keldysh theory is
limited to hydrogen-like atoms and excludes Coulomb interaction of the ion and the freed electron, by
adapting the reduced effective mass2 mr of the electron [59] the experimentally found results agree well









Making use of the Drude model of a collisionless plasma, the plasma-induced change of the refractive







where ωp = q
√
ρ
ε0me is the plasma frequency at a plasma or electron density ρ = Ne. In the case of
ρ  ρc with ρc = ω2meε0/q2 the critical plasma density, the isolated refractive index change can be
approximated to ∆n = ρ2n20ρc
. As the nonlinear phase is additionally modulated by the contribution of the
plasma via ∆φnl = 2pi∆n/λ , which is building up during the pulse propagation, especially at the end of
the pulse a sharp drop of the nonlinear phase is present as can be seen in Fig. 1.2 b). In turn, this leads to
a strong blue-shift of the resulting spectrum as is shown in Fig. 1.2 a). Here, it is calculated exemplary
for a secant hyperbolic input pulse profile in the case of sapphire [59, 67].
2The reduced effective mass of the electron or any other particle enables to describe the way it responses to forces. For
example, the effective mass of the electron allows a simplified description of the electrons response within the band structure,
where the effective mass depends on the material.
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1.2.3 (2D+1) Model of Supercontinuum Generation
For a detailed and precise description of the supercontinuum process involving dispersive effects, self-
steepening, self-phase modulation, plasma generation and other spatial effects, the nonlinear envelope
equation (NEE) can be used. It can be deduced from the wave equation [56]. The NEE requires the
paraxial approximation (k⊥ ≤ |k|) to be valid and requires an angular spread with a numerical aperture
(NA) of approximately 0.1 or less. Equivalently, an angle acceptance cone of only a few degrees around
the propagation direction is required, which is typically fulfilled in a filament.
Hence, few-cycle pulses and their interaction with media can be appropriately described under the
conditions found in a filament [56]. The nonlinear envelope equation [29, 56, 68] relates the envelope E
of the electric field to the plasma density ρ and third-order nonlinear effects by means of
∂zE = i2k0 T
−1
o ∆⊥E+ iDE+ i
ω0
c





ρE −UiW (I)(ρnt −ρ)
2I
E , (1.38)
∂tρ =W (I)(ρnt −ρ)+ σUiρI, (1.39)
with I = |E|2 the averaged field intensity and Ui the ionization potential. The first term on the right-
hand side of Eq. 1.38 handles diffraction. This includes space-time focusing implemented in front of the
diffraction term ∆⊥ by the To = 1+(i/ω0)∂t operator, which acts in the frequency domain. While diffrac-
tion naturally includes wavelength dependency, resulting in shorter wavelengths being less diffracted than
longer ones, this effectively leads to a narrowing of the on-axis spectrum and thereby creating temporal














where βm relates to Eq. 1.8. Furthermore, the third term in Eq. 1.38 includes the intensity dependence of
the refractive index, which was previously introduced as the Kerr effect. Assuming a positive nonlinear
index n2, this term provides self-steepening on the pulse through the operator To [49] in combination
with SPM on the phase. Together, this enables the asymmetric broadening characteristically found in
dielectric media. The fourth term takes into consideration the phase change induced by the free-electron
plasma that is generated in a filament. While the first four terms include an imaginary part that enables
to act upon the phase, the latter two include responses of the pulse to environmental changes due to
photon absorption. With the fifth term describing photon losses caused by free electrons accelerated in
the laser field, the sixth term relates the photon loss due to multi-photon absorption with the rate W (I).
Equation 1.39 describes the temporal evolution of the plasma density in form of a rate equation, where
the first term accounts for photo-ionization, while the second includes avalanche ionization by means of
the cross-section σ and Ui the ionization potential.
The next section will introduce the concept of mode-locking, which is essential for enabling pulses
within the 10 fs regime.
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Figure 1.3: a) Sketch of a cavity for the illustration of active mode-locking. b) Sketched output pulses of a
mode-locked laser and c), the gain bandwidth in combination with longitudinal resonator modes in the spectral
domain.
1.3 Principles of Mode-Locked Lasers
Not long after the invention of the laser by Maiman et al. [69] in 1960, the discovery of mode-locking [70,
71] and its continuous optimization let to the generation of ultra-short pulses with durations well within
the femtosecond regime. The realization of phase-locking is introduced for different lasing situations,
which provide the basis for the investigation of the intra-cavity noise formation mechanisms in chapter
2.
1.3.1 Mode-Locking





where m is the mode integer as is sketched in Figure 1.3 c), c the vacuum speed of light, n0 the refractive
index and L the length of the cavity. The frequencies of all cavity modes are offset by the carrier-
envelope offset frequency fCE, which will be explained in more detail later. During mode-locking, a fixed
relationship between the phases of all lasing modes is established that allows constructive interference.
This enables the formation of pulses within the cavity for a multiple of the pulse round-trip time TR = L/c.
When the spectral phase of each mode is additionally nearly identical to the phases of their neighboring
modes, Fourier-limited pulse generation is achieved. In this case, the time-bandwidth product for, e.g.,
sech2-shaped pulses, ∆τ ·∆ f ≥ 0.32 is at its minimum, which leads to the shortest possible pulse duration
τ for a particular bandwidth. Thus, increasing the spectral bandwidth ∆ f of a pulse renders it potentially
shorter, if the condition of a flat spectral phase is met. To achieve pulse durations within the femtosecond
regime with common repetition rates ranging from tens of MHz down to several GHz, mode-locking
of THz wide spectra and therefore between hundreds and millions of different longitudinal modes is
required, respectively. Such a high degree of correlation between the phases of the mode-locked modes
can be achieved by means of active or passive techniques.
Active mode-locking is typically realized by amplitude modulation (AM) of the intra-cavity field
with a periodicy equal to the round-trip time. A simple laser design to achieve mode-locking is shown in
Fig. 1.3 a). The modulation can be achieved by, e.g., an acousto-optic or electro-optic modulator, which
results in the generation of sidebands located at the position of the neighboring longitudinal modes (see
1.3 c) ). Then, a correlation is established between the phases of neighboring modes that is also referred
to as injection lock. This processes cascades through the full gain bandwidth of the gain medium and
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Figure 1.4: Three fundamental passive mode-locking models over time with indicated (blue) net gain window. a)
Slow absorber and dynamic gain saturation, b) fast absorber and constant gain, and c) soliton mode-locking.
Intensity
Figure 1.5: Principle of the Kerr lens acting as a saturable absorber.
effectively couples modes to form an equally-spaced frequency comb. In the time domain, this frequency
comb translates to a pulse train as is depicted in Fig. 1.3 b).
Today, passive mode-locking is almost exclusively used, where the pulse inflicts the modulation
onto itself. This self-amplitude modulation (SAM) can be realized by a nonlinear process. To this
end, a saturable absorber is typically employed within the cavity. Three different passive mode-locking
situations can be distinguished, where the response time of the saturable absorber (SA) as well as the
gain saturation dynamics are considered. Saturable absorbers are introduced to favor strong intensities
by reducing loss for higher intensity. They were used in the first realization of passive mode-locking in
1966 based on a dye solution [72], which functions as a slow absorber as well as a dynamic gain source.
Thereby, the gain and loss are balanced and a steady-state net gain window forms that can be as short as
the pulse duration. This is illustrated in Fig. 1.4 a) and has enabled pulses as short as 27 fs [73].
The second model, shown in Fig. 1.4 b), is based on a very fast saturable absorber with a steady
gain as is found in most solid-state lasers with long upper-state lifetime. With the fast bleaching of
the SA, a net gain window forms. In order to achieve ultra-short pulses within the lower femtosecond
regime only artificial saturable absorbers such as the Kerr lens are available, which, for example, can be
directly used within the laser host material Ti:sapphire. Based on the third-order susceptibility, the Kerr
effect leads to self-focusing of the dominating intensity part of the pulse, which, in combination with an
aperture, enables to filter out low intensities at the wings of the pulse that are less focused. Therefore,
self-amplitude modulation is achieved by favoring intensity spikes that experience less attenuation. This
is shown in Fig. 1.5. One main advantage of the Kerr lens is the quasi-instantaneous response of the
Kerr effect, which has been found to be less than a femtosecond [74]. For achieving ever shorter pulse
durations, the dispersion management within the cavity is found crucial. To this end, the balance of
nonlinear self-phase modulation (SPM) and a net negative group delay dispersion (GDD) is an important
step to maintain self-stabilizing soliton3-like pulses after every round-trip [75, 76]. Traditionally, this
3Solitons are pulses that can propagate without being temporally stretched due to the counteracting effect of a balanced
SPM and GVD.
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was achieved by introducing dispersive elements such as prisms or gratings into the cavity. Nowadays,
chirped mirrors [77] are commonly employed that enable the generation of pulses straight out of the
cavity from a KLM-based Ti:sapphire oscillator of only 4.4 fs [78] in duration.
However, to obtain ultra-short pulses, the response time of the SA does not need to be on the same
timescale as the achievable pulse duration. This is depicted in Fig. 1.4 c) and referred to as soliton mode-
locking, where the balancing of SPM and negative GDD controls almost all dynamics of the pulse and its
duration depends almost solely on this balance. A semiconductor saturable absorber mirror (SESAM) is
normally introduced into the cavity for stabilization and starting the mode-lock. Nevertheless, the actual
net gain window can be multiple times larger as the pulse duration. The SESAM only suppresses the
continuum that is accumulated due to parasitic losses of the soliton. A SESAM is based on the excitation
of electrons from the valence to the conduction band that results in an increased reflectivity and enables
the formation of a net gain window. Important parameters of SESAMs are the recovery time τA, the
modulation depth ∆R, saturation intensity Isat and saturation fluence Fsat.
1.3.2 Artificial Saturable Absorber
Many variants of artificial fast saturable absorbers have been employed so far. Besides the Kerr lens in
Ti:sapphire lasers, especially additive-pulse mode-locking [79, 80] is well known for bulk lasers, where
an additional cavity formed by a single-mode fiber is used to achieve an artificial SA via nonlinear phase
shifts. The additional single-mode fiber is coupled to the bulk medium cavity by a semi-transparent
mirror. Due to the differently acquired nonlinear phase shift of a pulse propagating in the single-mode
fiber and in the cavity, the interference at the semi-transparent mirror can be tuned to attenuate the wings
and constructively interfere with the peak of the pulse.
Similar mode-locking approaches have been realized for fiber lasers, where mode-locking is achieved
by employing nonlinear polarization rotation (NPR) [81, 82], a nonlinear optical loop mirror (NOLM)
[83] or a nonlinear amplifier mirror (NALM) [84]. The former, nonlinear polarization rotation is shown
for a ring cavity using an Er:doped fiber in Figure 1.6 a). During most of the propagation through the cav-
ity, the orthogonal components of the elliptically polarized light experience different refractive indexes
as a result of SPM and cross-phase modulation (XPM)4. Then, pulsed compared to CW light enters at
a different polarization in the second polarizer, effectively establishing losses for the CW component,
while an additional isolator ensures unidirectional propagation. The latter two optical switching devices
based on a NOLM or NALM make use of nonlinear phase shifts of counter-propagating pulses in a sec-
ond loop connected via a four port coupler. A NOLM utilizes a slightly asymmetric power-coupling
ratio of close to 50:50, where a pulse entering in port 1 is split into two counter-propagating parts in
the NOLM exiting port 3 and 4 as is sketched for a NALM in Fig. 1.6 b). Linearly, the optical paths
are identical and constructive interference back at the coupler is present, which results in a mirroring of
the incident pulse out of port 1. However, if nonlinear effects are included and the splitting ratio of the
coupler is not 50/50, a nonlinear phase shift difference between both counter-propagating pluses occurs,
which leads to different interference situations upon return to the coupler. Depending on the accumulated
difference in nonlinear phase the pulse is either transmitted into port 2 or mirrored back into port 1. The
power-dependent reflectivity is illustrated in Fig. 1.7. An optical isolator ensures unidirectional propaga-
4Cross-phase modulation describes a nonlinear interaction based on the optical Kerr effect, where the phase of one pulse
is altered by the intensity-dependent refractive index change caused by another pulse.
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Figure 1.6: Three passive mode-locking schemes employed for fiber lasers are illustrated, which are based on
an implemented Er:doped fiber (EDF). a) NPR mode-locking; b) Nonlinear optical loop mirror (NOLM) and
nonlinear amplified loop mirror (NALM) mode-locking in a figure-of-eight configuration. Only the latter includes
an EDF, a wavelength-division multiplexing device (WDM) as well as a pump. c) Saturable absorber mirror based
mode-locking (SESAM). After [85].
tion in the oscillator. Similar to a NOLM, a NALM employs a coupling ratio of precisely 50/50 and the
nonlinear phase shift is strengthened by implementing amplification in an erbium-doped fiber (EDF) on
one site of the ring which then occurs earlier for one of the counter-propagating pulses. Consequently,
the accumulated nonlinear phase differs in either direction, leading to different interference conditions at
the coupler.
As shown in Fig. 1.6 c), the third concept involves a linear cavity including a SESAM to provide
saturation of the self-amplitude modulation5. By introducing intensity-dependent losses, pulses are fa-
vored over CW operation. While this work is dominated by the application of Ti:sapphire-based lasers,
variants of the presented fiber laser mode-locking designs are employed within the comparative study in
chapter 2 to analyze the origin of carrier-envelope phase noise. All of these lasers are essentially based
on a fast saturable absorber.
1.3.3 Haus Master Equation of Fast Saturable Absorber Mode-Locking
The intra-cavity evolution of the pulse for a broad range of different mode-locking mechanisms based
on saturable absorber mode-locking has been for the first time properly described by the Haus master
equation [86]. The equation is based on the assumption of a negative group velocity dispersion and self-
phase modulation as is found in Kerr lens mode-locked lasers, soliton-based mode-locking and many
other variants of fiber lasers based on a NOLM or NPR. To this end, the Master equation describes the
adiabatic nonlinear pulse evolution as a function of essentially two time scales, a slowly-varying time
scale over many round-trips Tl and a fast time scale t. The equation reads
5Self-amplitude modulation summarizes the combined effect within a laser cavity of dispersion and nonlinear interaction
that act upon the pulse. In lasers with a slow response time to external perturbations, such as media with high upper-state
lifetime, it is necessary to saturate this self-amplitude modulation to achieve stable operation against perturbations.
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Figure 1.7: Sketched power-dependent reflectivity of a NOLM. Output at port 2 depends on the input strength at

























where TR is the round-trip time, A the electric field amplitude as a function of both time scales, Tl and
t, l and g, the incremental loss and gain, respectively, and Ωg the gain bandwidth related to the gain
medium. Further gain terms describe the coupling of the group velocity as well as the finite gain that act
as a restoring force, respectively. D relates to the group velocity dispersion. Furthermore, the saturable









respectively. Here, s0 describes the unsaturated loss, Isat the saturation intensity of the used absorber,
Aeff the effective area of the mode and L the length of the interaction. In order to use the original Master
equation for estimating the effect of a perturbative noise source, a small perturbation can be introduced
by adding the last term TRS(t,Tl) [87], which is made use of in section 1.5. Nevertheless, the discussion
continues without considering noise by describing the steady-state situation. In order to obtain a solution
for the Master equation the following conditions are assumed. The case of balancing SPM and GVD is
considered, where solitons are formed. Further, a possible chirp is neglected and a phase shift per pass Ψ
through the medium proportional to the Kerr lens dependence on the amplitude Ψ =− δ2 A20 is assumed.
Then, one obtains a solution of the Master equation that reads























where ϕ is the phase of the pulse, which is set to an arbitrary value without the presence of noise. The
Master equation enables the analytic analysis of the pulse evolution within various mode-locking laser
cavities.
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1.4 The Carrier-Envelope Phase
Within the first section 1.1, pulse dynamics in dielectric media were addressed. It was shown in Eq. 1.5
that the temporal evolution of a laser pulse E(t) can be separated in a carrier wave ωc multiplied by an
envelope function A(t), which leads to
E(t) = A(t)ei(ωct+ϕCE) , (1.47)
where ϕCE is the carrier-envelope phase. While the pulse is propagating through the laser cavity, disper-
sion is acting upon the pulse, leading to the group-phase offset ∆ϕGPO presented in Eq. 1.11. For one




















where n(ω,z) is the refractive index. The above equation neglects nonlinear contributions within the
gain medium. Within a laser cavity main contributors to the dispersion include the mirrors, the path
through air and the gain medium itself. In case of a Ti:sapphire laser with a medium of a few millimeter
thickness, the dominant dispersion contribution is the crystal’s dispersion, resulting in a group-phase
offset of several hundred optical cycles [11]. Despite these hundreds of slips of the phase through the
envelope that render two successive pulses substantially different in terms of the absolute phase, only
changes that are not a full integer of 2pi are of interest. Hence, the CEP slippage rate is referred to as
∆ϕCE = ∆ϕGPO mod 2pi . (1.49)
Since a mode-locked laser emits a periodic train of pulses, the phase difference actually refers to a






This is shown in Fig. 1.8 a) for a slippage rate of ∆ϕCE = pi/2, where the electric field change underneath
the intensity envelope at the same spatial position for successive pulses is considered. The resulting
equally-spaced frequency comb is shown in Fig. 1.8 b). Following Eq.1.41, the frequency comb can be
expressed as
νm = fCE+m frep, m ∈ N, (1.51)
where the whole comb is defined by two parameters, the offset fCE and the needle spacing frep.
Precise measurement of the frequency comb has shown a stability of the comb down to 1 in 10−15
[88, 89, 90]. This stability has enabled great progress in the field of frequency metrology, where mea-
surements of frequencies by means of heterodyne techniques have enabled precise time measurement.
The carrier-envelope phase is important for the generation of attosecond pulses [91], where the elec-
tric field structure of intense few-cycle driver pulses is influencing spectra [6] that are obtained by high-
harmonic generation (HHG). HHG can be described by the three-step model. In the first step, an electron
20






















Figure 1.8: a) Time-domain evolution of the electric field E(t) of a few-cycle pulse with a CEP drift of ∆ϕCE =
pi/2. b) Corresponding Fourier domain representation. The whole frequency comb is offset by fCE, while also the
actual gain spectrum is shown.
is freed by tunnel ionization from, e.g., a noble gas by the intense few-cycle driving pulse that strongly
lowers the potential barrier. This occurs every half-cycle around the maxima of the carrier. In the second
step, the freed electron is accelerated by the electric field of the driver pulse, while its trajectory depends
on the moment of release. Third, after the driving field reverses, the electron can recollide with the parent
ion and emit the acquired energy in form of a high energy photon. As a result of this strong dependence
on the electric field of the driving pulse, the high-harmonic spectra feature a CEP-dependent structure
and are especially sensitive at the cut-off of the harmonics [6].
When isolated attosecond pulses are of interest for, e.g., time-resolved measurements, temporal gat-
ing techniques such as polarization gating (PG)6 [92] or double-optical gating (DOG)7 [93] are employed
to limit HHG to only once per cycle of the driving IR-field.
1.4.1 Measurement
Measurement of the CEP was first realized by Xu et al. [10], who measured the CEP drift between
successive pulses by employing cross-correlation of both in a nonlinear interferometer. In this case, the
position of the peak within the resulting interference pattern provides access to the change of the CEP.
However, precise extraction of the CEP by cross-correlation has been found troublesome as long interfer-
ometer arms are required, which renders the pulse strongly susceptible to external noise sources. Hence,
this approach has been found too inaccurate to be used within a CE phase-locking scheme for stabi-
lization. Briefly after, a novel approach based on the heterodyning of harmonics obtained via nonlinear
processes from parts of an extended pulse spectrum [11, 94] has been proposed and realized. Different
variants of this measurement scheme have been developed that are referred to as f -2 f [11, 94, 95], 0- f
[96] or 2 f -3 f [97] interferometry. All these schemes rely on nonlinear frequency conversion, and hence
need to preserve the carrier-envelope phase. This condition was shown to be fulfilled and thus access
6Polarization gating relies on the interference of two counter-rotating circularly polarized pulses that when slightly over-
lapped form a region in which linear polarization is present. In this way, a window of a strongly increased ionization probability
is formed that can be adapted by adjusting the temporal delay between both pulses. Hence, only one attosecond pulse is gener-
ated per cycle, when both pulses are as short as 6 fs.
7Double optical gating combines polarization gating with two-color gating. It makes use of a third, second-harmonic field
(hence two colors) during window formation that enables to generate isolated attosecond pulses under a relaxed requirement
for the employed driving laser pulse duration compared to PG.
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Figure 1.9: Principle of f -2 f interferometry. The beat signal is generated by two frequency combs present at the
region of overlap of the second harmonic and the fundamental, respectively.
to the CEP was provided by down-conversion of the carrier-envelope frequency to the radio-frequency
domain. Furthermore, another approach of this class called balanced homodyne detection [98] provides
access to the carrier-envelope frequency fCE.
While most measurements of the CEP rely on nonlinear processes, few detection schemes exist
that do not require nonlinear interaction. These are for example based on a slightly off-resonant ring
resonators [99, 100]. However, these schemes are rather limited to only MHz precision, which renders
proper stabilization impossible. Among the presented CEP detection schemes, f -2 f interferometry is
the most widely used approach and represents the basis of most CEP stabilization schemes, including the
ones employed here. Therefore, this measurement scheme is further discussed in detail.
f -2 f Interferometry for Oscillators
In the case of oscillators, the CEP slippage between successive pulses is commonly measured by employ-
ing f -2 f interferometry. To this end, two nonlinear processes are required. First, spectrally broadening
of the incident pulse spectrum is carried out in order to cover at least one octave. Then, subsequent
frequency-doubling of the lower energy wing enables interference of two spectral densities. This is
shown in Fig. 1.9 b). The interference of two frequency combs that overlap at the higher frequency edge
of the spectrum results in a beating that has the difference signal of
fbeat = 2νn−ν2n = 2n frep+2 fCE− (2n frep+ fCE) = fCE , (1.52)
where ν2n and νn represent the comb needles of the frequency comb of the fundamental and adjacent
second harmonic, respectively. The latter has an offset of exactly fCE relative to the former as the CEP is
doubled during frequency-doubling [20]. Upon interference, the difference results in a radio-frequency
amplitude modulation that is readily detected with an avalanche photodiode. The resulting amplitude
modulation is shown in Fig. 1.10. Once the signal is Fourier-transformed or visualized by a spectrum
analyzer, the rf power spectrum can be observed. In the noise-free case, only the carrier-envelope beat
fCE, the repetition rate frep and their mixing products are present.
The spectral broadening is typically realized by using microstructured fibers or photonic crystal fibers
(PCF)8. Especially PCF’s have been used for oscillators as they require only relatively low input energies,
but provide reliable octave-spanning spectrum generation by highly nonlinear interaction. The highly
nonlinear interaction is achieved by strong spatial confinement of the beam within a photonic structure
8Photonic crystal fibers are a type of optical fibers that rely on refractive index variations by means of an air cladding
structure to guide and confine laser pulses. Their design enables strong confinement and hence high intensities of even weak
pulses as well as the tailoring of the zero-dispersion wavelength, at which the group delay dispersion is zero.
22
































Figure 1.10: a) Simulated amplitude modulation at the back-end of the f -2 f interferometer. b) Corresponding
power spectrum that shows the frequency of the beating fCE, the pulse repetition frequency frep and their mixing
products.
despite low pulse energies. Additionally, PCF’s enable tailoring of the zero-dispersion wavelength. Then,
a negative GVD at 800 nm in combination with SPM gives rise to the formation of a soliton that enables
extensive spectral broadening typically via soliton fission9.
The subsequent frequency-doubling is carried out by a second harmonic crystal. Among many
choices, periodic-poled lithium niobate (PPLN)10 is often used due to its high efficiency at weak in-
cident intensities and its inherent tuning capabilities by adjusting the temperature. Once the CEP of the
oscillator is measured, additional disturbances may further add noise during amplification that needs to
be determined, too.
Spectral Interferometry for Amplifiers
Earlier presented heterodyning methods have proven reliable in the field of high-repetition rate oscilla-
tors. However, with 1/ f noise close to the DC baseband dominating at low frequencies, these methods
have been not suitable for low-repetition rate amplifiers as the beat note would either be fully covered or
only partially visible above the noise floor. Hence, a different approach is taken by spatially resolving
the delayed interference of the fundamental and second harmonic that results in the formation of spectral
fringes. This approach is referred to as spectral interferometry [95, 101, 102]. The fringes are formed
for each interfering pulse and thereby enable single-shot resolution. The intensity pattern forming the
9Soliton fission is partly responsible for the spectral broadening in fibers in an anomalous dispersion regime. During
propagation in fibers, the formation of higher-order soliton pulses and their break-up into fundamental solitons and accompanied
non-solitonic radiation is described as the soliton fission process.
10A periodic-poled lithium niobate crystal is engineered to allow quasi-phase-matching conditions for a particular appli-
cation such as, e.g., second-harmonic generation. This is achieved by inverting the Lithium niobate crystal orientation with a
periodicy that depends on the wavelengths of the input and the generated light as well as the temperature.
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Figure 1.11: Common-path spectral interferometry setup involving a spectral broadening process (SCG) to reach
at least one octave and a subsequent frequency-doubling (SHG) of the lower energy spectral wing. A polarizer
(POL) is used to match the polarization of the SH and fundamental. Further detection is either carried out by tradi-
tional spectral interferometry involving a digital readout at the CCD (DET) a) or using the fast f -2 f interferometer
b) with Photomultiplier tubes (PMT) and subsequent isolation of the signal by boxcar averagers (gated integrator).







2 · ∣∣A(ω)ASH(ω)∣∣ · cos(ϕCE+∆ϕSH(ω)−∆ϕ(ω)+pi/2+ωτD) , (1.56)
where the fringe characteristics are determined by the amplitude of both, fundamental A(ω) and second
harmonic ASH(ω), as well as the last term in Eq. 1.56. While τD represents the non-zero temporal delay
between the fundamental and the second harmonic that controls the width of the fringes of the result-
ing pattern, ϕCE is responsible for their position in the spectral domain. Additionally, potential phase
fluctuations of the f and 2 f components are included by ∆ϕSH(ω)−∆ϕ(ω), while the constant indeter-
minable absolute phase is neglected in the description. The phase fluctuations are typically considered to
have negligible effect. The temporal delay can be easily controlled in a Mach-Zehnder arrangement by
the variation of arm lengths, while common-path arrangements enable adjustment of τD by introducing
additional dispersive material after the spectral extension. A CEP drift at the back-end of the detection
after frequency-doubling translates into a shift of the position of the fringes, which then can be subse-
quently detected on a CCD camera. The setup is shown in Fig. 1.11 a). As a result of the poorly efficient
nonlinear processes weak spectral densities are present that lead to a reduced fringe contrast. Especially
weak fringe contrast has established the need to average over multiple, successive laser pulses, which
further deteriorates measurement precision.
To avoid these issues, Koke et al. [16] developed the fast f -2 f interferometer as shown in Fig.
1.11 b). It provides single-shot access to the CEP without any digital processing and hence avoids
computational latencies. While the CEP is also resolved by means of nonlinear processes comparable
to spectral interferometry, the read-out of the fringes is done by isolating one fringe, splitting it in half
using a metallic prism, and subsequently, detecting each part separately by photomultiplier tubes. Then,
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taking the difference of both measurements provides access to the movement of the CEP. An analog error
signal enables stabilization and single-shot measurement of the CEP after isolation by boxcar integrators.
While for f -2 f interferometry the proper choice of the nonlinear processes has been addressed earlier,
spectral interferometry as well as the fast f -2 f interferometer typically rely on sapphire as a stable
supercontinuum source and BBO for frequency-doubling. A more comprehensive discussion on potential
sources is carried out in chapter 3.
Alternative Methods for Extracting the CEP from Amplified Pulses
In principle any carrier-envelope phase sensitive process could be employed for measuring the CEP. Es-
pecially, photoionization processes are of interest as they inherently show no unknown contribution to the
absolute phase, which is typically the case for interferometer-based schemes. Such methods include the
analysis of THz pulses originating from a few-cycle pulse-induced plasma [103], where a CEP-dependent
spatial charge asymmetry is imprinted onto the THz pulses. Furthermore, CEP-dependent photoemission
of electrons from metals [104, 105] is found to provide access to the CEP. Another common approach
relies on above-threshold ionization (ATI) of inert gas atoms [106, 107], where a CEP-related asymmetry
in the photoionization leads to an angular dependence in the measurement of the freed electrons. While
ATI is routinely used for tagging, where the CEP of each pulse as measured by ATI is subsequently linked
to the respectively measured experimental interaction [108], it is not employed to provide stabilization.
This is due to the overall delay between measurement at the end of the laser chain and the feedback for
stabilization, which results in a delayed feedback that is too slow for achieving appropriate correction
bandwidths.
1.4.2 Stabilization
The measurement of the CEP was discussed under the assumption that the CEP slippage rate ∆ϕCE is
unperturbed. However, in reality, quantum noise, technical noise and other environmental disturbances,
even if they are small, can have severe influence on the CEP. Over the earlier mentioned hundreds of
optical cycles group-phase offset per cavity round-trip [11], even slight disturbances are having an accu-
mulating effect. These noise sources are investigated in section 1.5.
With such a strong influence by noise, the active control of the CEP has been found to be a necessary
step to minimize short-term and long-term CEP jitters. Especially in chirped-pulse amplification (CPA)
schemes, the CEP is typically stabilized separately in two loops. While a fast loop is used to minimize
high-frequency CEP noise of the oscillator, a second slow loop is employed to take control over additional
low frequency CEP noise added during the amplification step.
CEP Stabilization of Oscillators
In oscillators, stabilization of the CEP slippage rate is carried out by either the feedback or the feed-
forward approach, which are sketched in Fig. 1.12. Traditionally, the feedback approach is used for
stabilization of the fCE by means of establishing a phase-locked loop (PLL). To this end, the fCE beat
signal is measured by f -2 f interferometry and subsequently, its phase is compared with a reference sig-
nal either by a mixer or a digital phase comparer. This reference signal is deduced from the repetition rate
and down-converted by frequency division to an integer fraction of the repetition rate. After low-pass
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a) Feedback Stabilization b) Feed-forward Stabilization
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Figure 1.12: Oscillator stabilization schemes. a) feedback stabilization involving mixing of the measured beat
note with a reference oscillator and subsequent low-pass filtering prior a servo is used for properly adjusting intra-
cavity dispersion. The reference oscillator’s frequency is deduced from the repetition frequency. b) Feed-forward
approach, where an AOFS is used to correct for additional fluctuations of the carrier-envelope phase slippage.
filtering, the mixing product is further processed by a proportional-integral-differential (PID) controller
to establish an appropriate error signal that enables improved loop stability. Several approaches have
been realized to control the intra-cavity dispersion, which include shifting intra-cavity wedges [109] or
introducing additional dispersion by tilting the end mirrors in a prism compressor section within the
cavity [110]. Both lead to changes of the round-trip group-phase offset [111]. While these methods
are fairly limited to correction bandwidths up to several ten kHz [112] due to associated inertia while
moving, modulation of the pump power [6] has been found to increase the possible feedback bandwidth
and hence possible control. In this way, the feedback can be given in principle up to the relaxation os-
cillations [113]. Modulation of the pump power is realized by using the error signal provided by the
measurement to control an acoustic wave inside an acousto-optic modulator (AOM) situated in between
the gain medium and the pump laser. These modulations lead to changes of the intra-cavity peak power
and hence modulate, e.g., the Kerr-induced nonlinear refractive index. This affects the phase and group
velocity differently and therefore leads to a change of the group-phase offset [114]. While the Kerr
nonlinearity acts nearly instantaneously, the laser response to gain changes are a limiting factor. Further-
more, a time delay between measurement and inserted feedback, such as the propagation of the acoustic
wave inside the AOM or the servo control, ultimately limit the correction bandwidth to around 100 kHz
[115]. Therefore, any noise above this bandwidth cannot be corrected. Furthermore, the modulation
of intra-cavity pump power also leads to a modulation of the output power. To date, the best reported
oscillator stabilization based on the feedback method resulted in sub-100 mrad residual jitters [12].
In 2010, Koke et al. [116] presented a scheme that allows to circumvent drawbacks associated with
the feedback approach by utilizing an acoustic-optical frequency shifter11 (AOFS) to correct the CEP of
the pulse directly without any intra-cavity disturbances. Termed feed-forward, this scheme as depicted
in Fig. 1.12 b) enables to increase possible correction bandwidth up to 1 MHz [117], which allows to
generate CEP stable pulses with residual jitters below 45 mrad [116]. By diffracting the beam within
the AOFS on an acoustic wave-induced refractive index modulation, the minus first-order diffraction
provides a frequency comb that reads
νm(t) = fCE(t)− fac(t)+m frep, (1.57)
where fac(t) = vac/λac = fCE+n frep is the frequency of the acoustic wave. Thereby, the carrier-envelope
11Similar to an AOM, an AOFS employs the interaction of an acoustic wave-induced refractive index lattice with the pulse
to shift frequencies. Within CEP stabilization schemes, it is optimized for removing the carrier-envelope offset frequency from
the frequency comb, which renders the output, typically in first diffraction order, carrier-envelope offset free.
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offset is effectively removed from the comb. This approach has several advantages compared to feedback
stabilization. First, since no PLL is involved, it is robust against phase shifts that exceed pi and auto-
matically re-locks. Second, unperturbed operation of the laser ensures stable performance and avoids
influence on any laser parameters such as repetition rate or pulse power. Nevertheless, side-effects exist
that need to be addressed when the feed-forward approach is used as a seed for CPA-based amplification
with stretchers and compressors. The interested reader is referred to [116, 117, 118, 119] for more details
on the feed-forward technique.
To date, the best performance on any oscillator CEP stabilization scheme is obtained by Borchers
et al. [12], who combined the feedback with the feed-forward approach and achieved a residual timing
jitter of below 10 as, which corresponds to 20 mrad residual phase jitter.
CEP Stabilization of Amplifiers
Once the oscillators’ CEP is stabilized by either a feedback or feed-forward arrangement and the pulse is
amplified in, e.g., a CPA scheme, the pulse experiences additional spurious distortions originating from
stretching and compressing of the pulse, pulse picking or as a result of the amplification process itself.
However, as these fluctuations typically appear on time scales much slower than CEP noise that origi-
nates in the oscillator cavity, they can be (partly) compensated by an additional slow loop. Using earlier
presented spectral interferometry or the fast f -2 f interferometer and extracting the fringes’ change in
position, the feed back signal can be used to either adjust the intra-cavity dispersion within the oscillator
or by adapting the dispersion within the amplifier system. While the former may result in interference of
both error signals, rendering a CEP lock in some cases troublesome, the latter is often used to control the
CEP up to frequencies of several hundreds of Hz. Dispersion control within the amplifier can be carried
out by adjustment of the compressor or stretcher [120, 121] as well as by the use of a programmable
acousto-optic dispersive filter (AOPDF) [122]. The latter is typically included in CPA-based systems
anyhow, which then enables high-bandwidth feedback. Performance of the amplifier CEP stabilization
is typically limited to around 100-200 mrad on a shot-to-shot basis [5, 16, 19, 123], while most systems
require averaging over multiple shots to achieve stabilization, which can lead to strongly underestimated
residual CEP jitters. Additionally, stabilization can be limited by slow processing times of the spectrom-
eter in the detection or due to the digital extraction of the fringe position that leads to a reduced feedback
bandwidth of the CEP control.
1.5 Carrier-Envelope Phase Noise
The CEP not only needs to be stabilized against a partial change of 2pi from pulse-to-pulse, but also due
to the interference of various noise sources and coupling mechanisms that prevent the constant round-trip
evolution of the group-phase offset inside the cavity and further on while propagating through, e.g., pos-
sible amplification stages. Additional noise is then added during the measurement of the CEP. Limiting
noise sources are typically of quantum noise origin, and hence stochastic, while technical noise sources
can substantially increase the noise floor, which nevertheless have rather a deterministic character. Fur-
ther on, all parts within a CEP-stabilized laser chain as shown in Fig. 1.13 are addressed separately.
The emphasis is laid on the influence of noise especially on the CEP. Beginning with the impact of
the pump and coupling mechanisms within the cavity on the basis of the Haus Master equation, further
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Figure 1.13: Sources of noise in the laser chain, starting from A), the pump, B) noise coupling inside the oscillator,
C), pump and possible CPA-induced noise and d), noise during detection of the CEP.
disturbances during amplification and subsequent measurement of the CEP are addressed.
1.5.1 Coupling Effects and Noise during Formation of the Laser Pulse
During formation of the laser pulse within the cavity, the pump feeding the gain medium with energy
induces amplitude modulation (AM) and phase modulation (PM) of the intra-cavity field. These fluc-
tuations can be either of technical or quantum origin and are further accompanied by environmental
perturbations and other noise sources within the laser cavity itself. Additional frequency modulation of
the pump (FM) can lead to changes in the intra-cavity field due to frequency-dependent absorption of
the pump. Common pump lasers possess a fractional frequency stability within 10−9 and relative inten-
sity noise in the order of 10−7, which results in a dominant AM contribution to the fluctuations of the
intra-cavity field. The former, frequency fluctuations of the pump, are further omitted in the discussion.
The combined effect of amplitude modulation, phase modulation and other disturbances within pas-
sively mode-locked lasers, where a fast saturable absorber is employed, has been for the first time com-
prehensively studied by Haus and Mecozzi [86, 87], who made use of the Haus Master equation [86] as
presented in Eq. 1.42. While the Master equation describes the steady-state situation, weak disturbances


















to solve the Master equation and further expanding ∆A in first-order, the perturbation of ∆A can be
expressed as variations of four pulse parameters. These include pulse energy ∆EP, the phase ∆ϕ , timing
∆t and the center frequency ∆ωc of the pulse. After additional calculations that are out of the scope of
this work [87], equations of motion for the above parameters are formulated. These equations of motion
include noise sources S(t,Tl) that range from gain fluctuations ∆g, length changes ∆l and refractive index
fluctuations ∆n to amplified spontaneous emission12 fluctuations.
12Amplified spontaneous emission describes the amplification of the photons spontaneously released by a decay process,
the latter being connected to the limited life time of an excited state. Thus, the energy of this transition to a lower, stable energy
state is associated with the release of a photon. In the presence of a population inversion, the freed photon can induce stimulated
emission, which then leads to incoherent photons within the laser pules that affect the pulse in manifold ways.
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From these equations of motion the following conclusions can be drawn in the presence of noise
within the cavity [87]. Energy fluctuations in the form of amplified spontaneous emission (ASE) ei-
ther from the pump or the gain medium couple to phase changes via Kerr-induced SPM. Additionally,
energy variations ∆Ep lead to group velocity changes and hence additional timing jitter. Furthermore,
center frequency variations ∆ωc are experiencing a restoring force by the limited gain bandwidth of the
medium as the spectrum is pushed back to the gain center. This induces a timing jitter via group de-
lay dispersion. Additionally, cavity length changes ∆l lead to a timing jitter as well as a repetition rate
variation. Cavity length fluctuations might further introduce beam pointing fluctuations that can change
the effective saturable absorber action of the Kerr lens. Refractive index fluctuations are only considered
here in first-order and introduce similar noise as cavity length changes.
While the model introduced by Haus and Mecozzi is based on soliton-like pulse dynamics with weak
perturbations, it neglects other possible degrees of freedom [124]. These include pulse shape changes or
possible intra-cavity chirp. Further, it totally omits laser and relaxation dynamics. Nevertheless, these
effects have been found important to describe the composition of the carrier-envelope phase noise. For
example, self-steepening was seen to be of utter importance for the slippage of the CEP, where it is found
to introduce additional group delay [125] and hence add another nonlinear contribution that is opposite
in direction and twice as strong compared to the nonlinear phase shift induced directly by SPM [126].
Furthermore, the relaxation dynamics are of critical importance, too, as the gain medium inherently
limits the transfer of any fluctuations to above the upper-state lifetime. In the case of Ti:sapphire oscilla-
tors, where the gain medium has an upper-state lifetime of around 4 µs, the actual transferable frequency
contribution from any fluctuation is limited to below roughly 300 kHz, which is the relaxation oscilla-
tion frequency. Above this, only white, random noise originating mainly from amplified spontaneous
emission and vacuum noise entering through elements with optical loss is present. This effect is also
referred to as the low-pass filtering of the gain medium. However, in lasers with very long upper-state
lifetime such as Er:doped fiber lasers, where τrad = 8− 10 ms, the laser dynamics become increasingly
important and the actual laser response bandwidth depends on the nonlinear losses introduced to satu-
rate self-amplitude modulation [127]. The laser response bandwidth is typically higher compared to the
response bandwidth due to the upper-state lifetime of the gain medium alone.
Effect on the Frequency Comb and the CEP
Intra-cavity pulse propagation is severely influenced by quantum noise as was shown by Haus and
Mecozzi [87], which also plays a strong role in the noise dynamics regarding the carrier-envelope phase
and the whole laser comb. Fundamentally, the width of each frequency comb needle is limited by the
ASE-induced phase noise contribution, which is also known as Schawlow-Townes (ST) noise [128].





where ∆νc is the full width at half maximum (FWHM) resonator bandwidth. Parasitic losses are omitted.
In mode-locked lasers, Pout is typically taken as the full output of all laser modes, since all cavity modes
are phase-locked. Therefore, Schawlow-Townes noise refers to a translational jitter of the whole comb,
resulting in a finite linewidth. For passively mode-locked lasers without stabilization of the repetition
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rate Paschotta suggested [130] that the Schawlow-Townes limit is only valid in the center of the comb
spectrum. This is a result of the ASE-induced timing jitter, which results in a broadening of the needles
that are further away from the center of the pulse. This effect is referred to as the elastic-tape model
and leads to a breathing of the comb [131]. Due to the measurement by f -2 f interferometry relying on
heterodyning either spectral edge, this results in a strongly increased linewidth of the CEP beat note.
In chapter 2 measurements are presented where the carrier-envelope frequency beat note at 6 dB (rep-
resenting the optical FWHM) is roughly 50 kHz in width, which, in combination with the upper-state
lifetime, comes close to a Lorentzian lineshape limit. The central linewidth, however, can be estimated
for a repetition rate of 85 MHz at 800 nm and 500 mW output power to be below mHz.
While frequency comb considerations are interrelated with the CEP via Eq. 1.50, carrier-envelope
phase noise is more suitably characterized using frequency noise densities after subtraction of the peri-
odic evolution of the phase. ASE fluctuations of the pulse energy ∆Ep, timing jitter ∆t as well as the
optical phase ∆ϕ each lead to their own white noise spectra that are mutually uncorrelated. Fundamen-
tally, earlier introduced Schawlow-Townes noise not only gives the minimum linewidth of the comb
needles, but also provides the lowest seen frequency noise floor. The respective ASE limit Sνc,ST is
estimated to be [132]







whereΘ is the excess spontaneous emission, g the saturated intensity gain and Pint the intra-cavity power.





S∆P ≈ κ frepτpSPSD,∆P , (1.63)
with τp the pulse duration, κ the power-to-CEP coupling factor that enables conversion from the power
spectral density (PSD) to the FND. While depending on the cavity parameters, the CEP noise of typical
ultra-short Ti:sapphire lasers is not dominated by a white noise floor originating from power fluctuations
as other sources are stronger. Another contribution to the white noise floor seen in most frequency noise
densities is the timing jitter that is due to the unbound drift of the pulse timing as well as center frequency
fluctuations. Noise originating from repetition rate changes can be described by [132]
S frep = 0.73Γ frepτp (1.64)
Sν = 0.73|ν−νc|Γτp , (1.65)
where the latter includes the contribution as a result of measuring the CEP beat note far off from the
center frequency νc. The timing jitter noise level is typically above the Schawlow-Townes level and is
reached within some part of the frequency spectrum.
To summarize, first, the optical phase noise is mainly limited by Schawlow-Townes noise as it de-
fines the linewidth. Additional contributions are due to the unbound drift of the pulse timing, leading
30
1.5. Carrier-Envelope Phase Noise
to an extended linewidth further away from the central frequency of the comb. Together, optical phase
noise then translates to carrier-envelope phase noise by projecting the comb towards zero frequency to
its offset [130]. Second, as the CEP jitter is also referable as the fluctuation of the group-phase offset per
round trip, changes in the refractive index ∆n within the gain medium or during propagation in air influ-
ence the CEP via pump power-induced crystal heating [133] and external perturbations such as pressure
changes. Third, earlier addressed fluctuations of the group delay dispersion in combination with a central
frequency shift ∆ωc of the pulse lead to GPO fluctuations and hence a timing jitter. Fourth, additional
nonlinear phase shifts originating from the amplitude modulation that change SPM and self-steepening
conditions lead to fluctuations of the CEP [126, 133, 134]. Investigations into the relative contributions
of these different sources to the CEP jitter has shown that the nonlinear phase shift dominates over other
sources within a few-cycle oscillator [126, 134], in which the intra-cavity GDD is within 10-100 fs2.
This is the case for the employed Ti:sapphire laser in this work. After the pulse is severely influenced
by intra-cavity noise sources, further propagation and amplification may deteriorate the CEP jitter even
further. This is addressed in the upcoming part.
1.5.2 Additional Noise induced during Amplification
During amplification of the oscillator pulse in a typical chirped-pulse amplification scheme, the pulse is
first stretched by using dispersive media or optics to avoid damage when subsequently being amplified
and typically down-clocked to a lower repetition rate. Afterwards, the pulse is compressed as close as
possible to its Fourier-transform limit to achieve the highest possible peak powers. During this whole
process, besides white quantum noise originating from ASE, especially environmental and technical
influences on the CEP are present. In the latter, these involve pulse picking jitter [135], beam pointing
while being stretched or compressed [32, 133] or even periodic opening of a valve within the cooling
circuit. Environmental disturbances such as pressure or temperature fluctuations can readily introduce
strong phase noise, too, as they change the effective optical path length. Furthermore, amplifier pump
laser fluctuations from shot-to-shot have been found to be a limiting factor [118], which have been also
very important for the stability of the oscillator. Nevertheless, the strongest contribution to the CEP jitter
is typically still from the oscillator and hence, residual CEP noise in CPA-based amplifiers is ultimately
limited by the performance of the oscillator [118].
1.5.3 Noise Sources during CEP Detection of Oscillator Pulses
So far, limitations on the CEP stability that are inherently present during pulse formation and subsequent
amplification have been discussed. In this section, additional noise that is appended during measurement
is considered that forces the phase loop to respond and hence may deteriorate CEP stabilization perfor-
mance. Besides technical noise sources, the emphasis is laid on the inherent presence of shot noise that
affects the precise extraction of the CEP in such schemes.
Noise in f -2 f Interferometry
Measurement of the CEP by employing some variant of f -2 f interferometry as is shown in Fig. 1.9 a)
can be separated into a combination of several processes that include spectral broadening, interferometry,
second-harmonic generation and photodetection. Each of these steps bear their own noise characteristics
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and origins, which are addressed briefly in the following for f -2 f interferometry. The first step, spectral
broadening, is typically carried out within a PCF. Amplitude noise of the seed is amplified and directly
transferred into phase noise via amplitude-to-phase coupling as the GPO is intensity-dependent [5, 112,
136]. According to numerical investigations conducted by Washburn et. al. [136] and Borchers et al.
[12], relatively short fibers of about 1 cm length, slightly positively chirped seed pulses and higher pulse
energies are enabling low phase noise conditions while an octave-spanning spectrum is still achieved.
The supercontinuum process can also lead to degradation of the coherence as has been observed within
fibers, where a loss of temporal coherence renders the pulses hardly compressible [137, 138].
Second, the interferometer design can significantly influence the precise measurement of the CEP.
The simplest concept of f -2 f interferometry is realized in the form of a Mach-Zehnder interferometer.
As has been shown in section 1.4.1, a Mach-Zehnder interferometer separates the high frequency wing
of a supercontinuum from the low frequency region, which is subsequently frequency-doubled. Overall,
this type of interferometer is extremely susceptible to noise as the two arms are able to accumulate noise
individually. Possible noise sources are of acoustic nature, mechanical vibrations, pressure changes,
and thermal drift. Minimization of unshared beam path allows a reduction of these to a good extent.
While one option for reducing the unshared beam path is to introduce a relative delay of the orthogonally
polarized f and 2 f components by implementing a birefringent crystal after the second harmonic step
[139], it is more straightforward to employ instead a quasi-common path setup as has been carried out
in this thesis. This interferometer design reduces the unshared beam path to the smallest possible extent
that still allows to compensate the group delay [12, 118]. To this end, a dichroic beam splitter is used
to reflect the short wavelengths and transmit the long wavelengths. The latter region is subsequently
reflected upon incident on a metallic mirror after about 1 mm of propagation through air. Especially, the
1/ f contribution at low frequencies (0.1 Hz -10 Hz) is subsequently strongly reduced [118, 140]. Only
true common-path interferometers are able to exceed this phase noise performance by simultaneous
spectral broadening and difference-frequency generation (DFG) in one crystal. This is readily carried
out in periodic-poled lithium niobate (PPLN), which exhibits a high conversion efficiency and strong
reliability [141]. Unfortunately, this truly common-path interferometer requires a spectral width straight
from the oscillator of more than 300 nm to extend the spectrum sufficiently in the PPLN. This broad
initial spectral bandwidth has been found hard to be reached for most Ti:sapphire laser, including the one
employed in this work.
Third, second harmonic generation is necessary, where the phase adds a constant pi/2 offset and
doubles itself. However, additional noise seems not to pose a problem during this step [20].
Finally, noise may be further inflicted during the detection by a photodiode, too. Here, the funda-
mentally limiting noise floor is given by the fast avalanche photodiode under very low light conditions,
also called the noise-equivalent power (NEP). The NEP is a composition of several white noise sources,
such as leakage currents13, avalanche-induced noise14 and thermal Johnson-Nyquist noise15 within the
13Photodiodes consist of a p-n junction that has a dark or leakage current. Even without incident light, electrons or holes
tunnel through potential barriers.
14When weak incident photon numbers are present, amplification is typically necessary. Avalanche photodiodes make use of
avalanche amplification, where one photo-electron created by the incident photon is accelerated within a field and subsequently,
electrons are additionally freed by means of impact ionization. Both electrons are further accelerated and generate multiple
additional electrons, which effectively increases the strength of the original signal.
15Johnson-Nyquist noise describes the electronic noise caused by thermally-induced excitation of electrons in a resistive
element, which is typically stochastic and hence white noise.
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electronics. Once illumination exceeds the NEP, optical shot noise is prevalent within the white noise
floor, which reduces the achievable signal-to-noise ratio (SNR) of included signals strongly. Although
average powers directly out of oscillators can readily exceed 100 mW translating into the order of 1010
photons per pulse, it seems surprising that shot noise could pose a problem. Nevertheless, extending the
spectral width above one octave with common techniques such as the earlier addressed PCFs reduces
the amount of available photons already by at least three orders of magnitude at the continuum’s edges.
Especially in the case of PCFs at low input energies, soliton fission combined with intra-pulse Raman
scattering leads to energy loss that then results in the spectrum being pushed further into the IR. This
renders the process of spectral extension weakly efficient. In the best case scenario, about 107 photons
are left in the narrow spectral range used for second harmonic generation. Making use of highly-efficient
quasi-phase matched crystals such as PPLN for frequency-doubling, conversion efficiency is still found
by a marginal 1 %, leaving 104 to 105 photons for interference. This results in a SNR of only a minor
100. The effect of these low photon numbers on the performance of the CEP detection in oscillators is
discussed numerically in the upcoming section.
In the case of low photon numbers, optical shot noise, as an inherent consequence of the photon
nature of light fields, may lead to additional noise appended during measurement. Statistically, in the
context of classical light, shot noise is a result of the completely uncorrelated detection of each photon,
which reveals its underlying pure Poissonian statistics. In general, the detection events are randomly




,λ > 0,k ∈ N, (1.66)
where λ is the expected value and variance. Hence, if on average 〈N〉 photons are detected, the uncer-
tainty or standard deviation is given by
√〈N〉. This clearly shows the importance of high photon numbers
to be present during detection to avoid the impact of shot noise on the measurement performance. As this
effect is present in all optical measurements, it is referred to as the quantum limit or shot noise limit and
is of stochastic nature. In the upcoming part, the effect of shot noise on the CEP detection is simulated.
Numerical Investigation of Shot Noise in Oscillator CEP Detection
Following Borchers et al. [24], the effect of shot noise is numerically simulated by interfering a train of
pulses with an average photon number 〈N〉 per pulse at the detection front-end of the f -2 f interferometer.
The beat signal N(k) with k elements is sampled at the lasers repetition rate and includes a modulation
of both components, f and 2 f , to account for the amplitude modulation measured by the heterodyne
method. It reads
N(k) =
∣∣∣∣√〈N f 〉+√〈N2 f 〉eiϕ(k)∣∣∣∣2 , (1.67)
where 〈N f 〉 and 〈N2 f 〉 are the average photon numbers in the respective spectral regions and ϕ(k) =
2pik fCE/ frep. By adding Poissonian noise with a spread of
√
N(k) to the beat signal, shot noise is
introduced.
The simulation parameters are comparable to typical Ti:sapphire-based oscillators. The repetition
rate and the carrier-envelope offset frequency fCE are set to 80 MHz and about 2 MHz, respectively. The
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Figure 1.14: Following Borchers et al. [24], the simulated heterodyning of the fundamental and the second har-
monic at frep = 80 MHz with a CEO frequency of fCE = 2 MHz for an average photon number on the photodiode
of 〈N〉 = 20 is shown in a), and 〈N〉 = 5000 in b). c) and d) show the corresponding RF power spectra until
10 MHz.
34










Shot noise induced CEP jitter in mrad












Figure 1.15: Simulated CEP jitter as a result of shot noise with respective incident photon numbers and signal-to-
noise ratio of the beat signal at the full bandwidth of 80 MHz. The best reported beat note strength of 60 dB are
marked, which indicates a residual shot noise-induced CEP jitter of 20 mrad.
simulation comprises 800 subsequent pulses, as can be seen in Figure 1.14 a) and b). Here, only the
balanced case is present, where the amplitude modulation has 100 % modulation depth and is formed
by an equal number of photons in both interfering parts 〈N f 〉 = 〈N2 f 〉 = 10. Hence, a total of 〈N〉 = 20
photons are present. This corresponds to a beat note peak at -6 dB relative to the intermode beat in a
100 kHz resolution bandwidth (RBW), which is used throughout this thesis if not otherwise stated. As
the red dashed line is a guide to the eye, it is clearly visible that shot noise is strongly present, although
this already translates to a signal-to-noise ratio (SNR) of the beat note of 38 dB. In b) and d), the average
photon number is 5000, which results in a clear oscillation with a beat note strength above 65 dB. The
SNR for a perfect detector without spurious noise can be given by
SNR =
2〈N f 〉〈N2 f 〉
〈N f 〉+ 〈N2 f 〉 ·800 , (1.68)
with 〈N f 〉〈N2 f 〉 the mean square of the beat signal and 〈N f 〉+ 〈N2 f 〉 the variance of the Poissonian noise.
While the former can be explained to be proportional to the signal strength, the noise scales with the
latter. To account for the resolution bandwidth16 of 100 kHz and the integration over 800 shots, the
additional factor is required. Clearly, low photon numbers can have an effect on the beat note strength
as seen in 1.14, but how does this translate into shot noise-induced CEP jitter? First, the phase of the
Poissonian noise-induced pulse train is extracted using the Takeda algorithm17 [142] and then directly
compared to a perfect pulse train that is free of any noise influence. Figure 1.15 shows the effect of
shot noise on the residual CE jitter. In a double-logarithmic plot a slope of -1/2 is found, representing a
tenfold decrease of the shot noise floor translating into a 20 dB increase in beat note SNR, in agreement
with the dependence on 1/
√〈N〉 found for Poissonian noise. Best reported signal-to-noise ratios of
60 dB imply a residual shot noise-induced CEP jitter of around 20 mrad. For simplicity, additional noise
16The resolution bandwidth determines the smallest resolvable frequency during the measurement. Therefore, it defines the
resolution and is crucial for estimating the signal-to-noise ratio. The longer the acquisition time, the more features of a signal
can be resolved.
17The Takeda algorithm enables the Fourier-transform-based extraction of a fringe pattern. Here, it is used to extract the
phase noise density by means of isolating the carrier-envelope phase noise from the continuous evolution of the CEP.
35
Chapter 1. Ultrashort Laser Pulses in Dielectric Media
sources during detection that would reduce the achievable phase jitter such as the NEP are neglected.
Furthermore, asymmetric photon numbers in fundamental and second harmonic, respectively, that would
lead to a reduction in performance are neglected here, too [24, 119]. Overall, although photon numbers
are relatively low in f -2 f interferometry, strong and tight feedback can be achieved even at beat strengths
above 35 dB generated by the interference of only about 10 photons per shot. A similar analysis for
the generation of a fringe pattern and subsequent CEP detection of amplified pulses based on spectral
interferometry is presented in section 3.1.1.
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Chapter 2
Linear and Nonlinear Analysis of
Carrier-Envelope Phase Noise
Further progress in fields such as precision frequency metrology and attosecond pulse generation requires
precise control of the carrier-envelope phase and frequency. While especially Ti:sapphire-based laser
systems have been found to allow well-performing CEP stabilization schemes that enable control over
the CEP of below 10 as timing jitter, other laser sources have shown extensive carrier-envelope phase
noise and hence are not readily stabilized. In order to improve the understanding of parameters that affect
the carrier-envelope phase inside a laser cavity, this chapter extends common tools that are employed for
analytic noise investigation, such as the power spectral density or amplitude spectral density, with two
novel approaches. The first involves a correlation analysis of amplitude and frequency noise by using
a time-resolved Kendall correlation methodology, which, in principle, can be employed for any other
two correlating variables. The second approach extracts the inherent statistical properties within the
measured time series. Thereby, it allows to identify and differentiate deterministic and stochastic noise
on different time scales. In the case of carrier-envelope phase noise, the former, deterministic noise, is
in most cases not a fundamental limit and can be circumvented, while stochastic noise either originates
from a fundamentally limiting process, e.g., amplified spontaneous emission or shot noise.
This chapter begins by introducing bivariate correlation analysis with a particular focus on Kendall’s
τ correlation coefficient. Subsequently, a methodology for a time-resolved Kendall correlation assess-
ment is presented and is applied to a sinusoid covered in a stochastic time series to assess the validity
of this approach. Then, principles of nonlinear time series are presented, and illustrated with the fa-
mous Lorenz attractor. Subsequently, the correlation histogram and the surrogate method are introduced.
Based on these concepts a novel methodology is developed in this work that facilitates the analysis of
the statistical properties as a function of time and is thus applied to a purely stochastic and strongly
deterministic time series. After presenting four different laser sources and their CEP measurements, a
comparative study on their noise characteristics is carried out, where the above introduced methods are
employed to gain insight in why some lasers are readily CEP stabilized and others show tremendous
fluctuations inhibiting proper stabilization. Finally, a possible origin of a found broadband coupling
mechanism between amplitude and frequency noise in one of the lasers is attributed to its mode-locking
method.
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2.1 Bivariate Correlation Analysis
Correlation analysis is particularly useful for examining the dependence of two or more variables. A
related concept in optics is coherence, which basically describes the correlation of electric fields and
phases in time and space. Here, the dependence of multiple variables in general is assessed. For simplic-
ity, only bivariate analysis is considered. To this end, linear relationships between two variables or data
sets are quantified by means of a measure that is typically bounded to be ranging from [-1,+1]. While
both extremes indicate perfect correlation (+1) and anti-correlation (-1), respectively, zero refers to no
relationship present. With growing deviation from zero, the degree of (anti-)correlation is quantified. The
simplest correlation coefficient is the Pearson’s product-moment coefficient r [143], which is described
in an empirical approach between two data sets X and Y by
r =
∑Ni=1(xi− x¯)(yi− y¯)√
∑Ni=1(xi− x¯)2 ·∑Ni=1(yi− y¯)2
, (2.1)
where N is the total number of elements in each data set. x¯ = 1/N∑Ni=1 xi and y¯ = 1/N∑
N
i=1 yi represent
the respective means. While Pearson’s correlation coefficient is only applicable to linear relationships,
it needs to be interpreted with caution regarding possible nonlinear dependencies. Pearson’s correlation
coefficient is indeed zero when no correlation exists between the data sets. However, this does not imply
that there is no correlation when it is equal to zero. Furthermore, Pearson’s coefficient is a parametric
measure1 and therefore assumes normally distributed variables, while, in reality, the actual distribution of
the data sets is typically unknown. In combination with a weak robustness (increased impact of outliers),
the usability of Pearson’s correlation coefficient in many cases is limited.
Therefore, deviating to non-parametric rank-based correlation coefficients such as Spearman’s ρ or
Kendall’s τ is straightforward in the presented analysis. Rank-based correlation coefficients do not rely
on interval-scaled data but on their ranks. Ranks are assigned by allocating to each value its position
within the whole value range of the data set. Then, the ranks are used instead of the values to classify the
strength of the correlation, which is termed ordinal association. These coefficients assume no probability
distribution of the original data sets. A rather robust non-parametric correlation estimate that has been
used widely in physical science is obtained by employing Kendall’s τ [144], which is able to detect also
higher-order correlations. Kendall’s τ is computed by allocating to each element of the data set a rank
for its position within the whole value range. This is carried out separately for both data sets, leading to a
set of value position, i.e, X = [x1, · · · ,xN ] and Y = [y1, · · · ,yN ]. Then, comparing the order of consecutive
elements within one data set relative to the other enables to measure the monotonic association between
both. A pair is called concordant, if the relative ordering of elements within X increases (decreases) with
the one of two elements within Y , i.e., xi > (<)x j ∧ yi > (<)y j. A disconcordant pair is referred to if
the ranking inside each data set is opposite, i.e., xi > (<)x j ∧ yi < (>)y j holds. In this regard, the two
data sets are compared, and the concordant pairs Nc and disconcordant pairs Nd are counted. With N
elements in either data set, 1/2 N(N−1) pairs of data points exist. Possible ties, where xi = x j or yi = y j,
are summed up in tx and ty, respectively. From there, the Kendall-τ coefficient can be calculated. While
1A parametric measure, as opposed to a non-parametric measure, assumes an underlying probability distribution within the
analyzed time series.
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Nevertheless, it can occur that the same values in a data set exist and hence, the same position within the
value range is assigned multiple times. Therefore, ties need to be taken into consideration, which leads
to the definition of the Kendall-τb
τb =
(Nc−Nd)√
(Nc+Nd + tx)(Nc+Nd + ty)
. (2.3)
In this way, the correlation between two data sets is given by a value of Kendall’s τ that ranges from
-1 for complete anti-correlation to +1, when complete correlation is present. If Kendall’s τ is close to 0,
no correlation is present. Within this thesis, the Kendall-τb definition is used as it includes ties. This is
typically necessary when real measurement sets are analyzed since discretization by digitalization and a
limited measurement range lead to values being measured manifold.
2.1.1 Time-Resolving Kendall-τ Correlation
In most measurements not only the interval-scaled information is obtained (e.g. temperature, pulse
power, pulse duration), but also the difference in time between these single measurements, termed sam-
pling time, is available. While Kendall’s τb correlation coefficient is in general indifferent to any interval
scaling due to its rank-based assessment, the sampling time can be taken into consideration by a deliber-
ate choice of single measurements that build the data sets to be assessed. To this end, the two different
data sets or time series x(t) = [x(t0),x(t1), . . . ,x(tN)] and y(t) = [y(t0),y(t1), . . . ,y(tN)] are individually
resampled. The resulting data series or vectors ~X = [X1, . . . ,X j] and ~Y = [Y1, . . . ,Yj] are each comprised
of j elements, while each element within is created by the average over M single measurements under








where i is indexing each element in the original time series, j the index of the averaged element, M is the
length of the segments over which it is averaged and where ∆t = |t2− t1| is the sampling interval. The
same approach is applied to the second time series, which leads to ~Y . Then, once the data is resampled,
Kendall-τb is calculated for the newly generated vectors ~X and~Y .
τb(~X ,~Y ) = corr [(X j+1,X j+2, . . . ,X j+N) ,
(Yj+1,Yj+2, . . . ,Yj+N)] . (2.5)
To verify the limits of this approach and the required minimum number of elements in each data set
for a reliable calculation of the Kendall-τb coefficient, one data set of 25 million true random numbers
extracted from Johnson noise and obtained at random.org [145] is used. These numbers are guaranteed
to not bear any hidden correlation. A second data set is obtained by randomly scrambling the previous
random data set. These data sets provide no information on the sampling. However, an artificial sampling
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Figure 2.1: Principle of the proposed time-resolved Kendall-τb analysis. a) Time series of white noise (orange),
sine-squared time series (black) and the product of both (blue). b) shows the PSD of the mixed time series with
a weak, 2.000 Hz modulation. c) Using proposed time-resolved Kendall analysis, the Kendall-τb coefficient is
calculated between two resampled white time series. As no sampling time was given in the original time scale, an
artificial time scale is provided that directly compares to the one presented in the analysis of noise in sec. 2.3.3.
Here, an acceptance range of up to 10,000 µs on this artificial time scale can be assumed, where the error and hence
the deviation from expected zero correlation is within 5 %. This enables to estimate the minimum required number
of elements to be compared. d) shows the result of the time-resolved Kendall analysis when applied to two mixed
time series created from a sine-squared and different white noise. The respective oscillation at 2.000 Hz is clearly
visible in the analysis. In c) and d), the standard deviation is given as the black line.
time is established here that enables to give a region of trust and allows a direct comparison to the results
presented later on in section 2.3.3. Adding this artificial time scale has no effect on the correlation
strength and only enables a comparable discussion to the application of this methodology later on.
Figure 2.1 a) shows several time series, including the one from above originating from random num-
bers or white noise (orange), one obtained from a weak simulated squared sinusoid (black) as well as
their product (blue). In Fig. 2.1 c), the earlier mentioned white time series are evaluated according to
their Kendall-τb by following the above methodology. Up to a mere 700 µs time, the deviation from zero
and therefore, from the expected lack of correlation between both, stays at roughly 1 % (σ = 0.012).
Between two white time series, no correlation is expected and hence the Kendall-τb stays around zero.
Nevertheless, above 700 µs, the error continuously increases due to the strongly reduced time series el-
ements that are being compared. Therefore, a region of trust of up to 10.000 µs is given, where the
deviation from the expected Kendall’s τb value of zero is within 5 %. Furthermore, the product of white
noise with a weak squared sinusoid is shown in Fig. 2.1 a) (blue) with a respective power spectral den-
40
2.1. Bivariate Correlation Analysis
sity as shown in b) with a 2.000 Hz modulation. A ratio strength of 8.000:1 can be seen between the
white noise and the sinusoid. However, the Kendall-τ analysis is able to resolve the correlation between
two of the mixed time series by revealing the sinusoid oscillation through providing a correlation on the
respective time scale of 500 µs. This can be seen in Fig. 2.1 d). This assures the validity and sensitivity
of this approach.
Compared to traditional Fourier analysis, i.e., the analysis of the power spectral density (PSD), the
presented methodology enables also to analyze broadband noise sources such as relaxation oscillations.
In particular, while the PSD only enables interpretation and guessing the connection between two similar
looking spectral densities by, e.g., assuming a connection between isolated peaks or by attributing peaks
to a common particular source, such as lines in the acoustics in a noise spectrum, broadband sources or
correlations remain hidden. These can be resolved with the Kendall correlation methodology.
In the noise analysis in section 2.3, the presented methodology for assessing correlation is employed
to frequency and amplitude noise extracted from free-running carrier-envelope phase measurements.
While this correlation analysis can provide information about interaction of certain parameters, however,
the statistical nature of this data is not accessible. To this end, nonlinear time series analysis is introduced
further on.
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2.2 Principles of Nonlinear Time Series Analysis
Nonlinear time series analysis was developed in the realm of chaos theory, where chaos describes sys-
tems in which the future states strongly depend on even small perturbations of the initial conditions. In
principle, it is possible to separate systems according to their respective statistical origins, either as a
result of a deterministic or a stochastic process. While all future states of a deterministic system can be
theoretically described by observation of any single state, for stochastic systems only probabilities for
future states can be given [146, 147]. For the former, a typical example is provided by a simple harmonic
oscillator that is described by a differential equation. A typical stochastic system, however, is described
by probabilities, such as, e.g., a quantum mechanical process that leads to white noise like spontaneous
emission, where each event is independent of prior ones.
In reality, a measured times series will always include measurement uncertainty and hence never
appear fully deterministic. Measurement uncertainty can be introduced by, e.g., white detection noise as
was elucidated in section 1.5.3. Many systems have been found to be rather chaotic in nature and thereby
to appear random. However, in principle, these systems are still governed by deterministic processes
such as a set of differential equations. Chaos theory enables to differentiate these systems by means of
various methods, with the ones presented here relying on phase space reconstruction of the system. This
phase space represents all possible - past, present and future - states of the system and is reconstructed
from an univariate time series. Considering the phase space of a harmonic oscillator and a damped
harmonic oscillator as is shown in Fig. 2.2, the former experiences no loss and represents a closed set
of possible states or closed phase space trajectory. The damped harmonic oscillator is characterized
as a dissipative system, where the degrees of freedom are minimized as energy is lost over time. This
effectively isolates the system’s possible evolution to a smaller set of states, which is referred to as an
attractor of the system under investigation. Chaos theory characterizes attractor geometry in order to
make statements over the system’s properties and its future course. One of the most important measures
in chaos theory is the correlation dimension D. While the correlation dimension is found to be an integer
for a conservative classical system, it is a non-integer in the case of a dissipative or irregular system
describing chaotic behavior [148, 149, 150]. In this way, it provides a measure of dimensionality of
the system. Interestingly, for a system of purely stochastic behavior, no finite correlation dimension is
found. This parameter and others that are used in chaos theory have strict requirements on the properties
of the analyzed time series to enable proper interpretation and meaningful phase space reconstruction.
As these conditions cannot be guaranteed for the measured time series here, the calculation of those
parameters is not carried out for the systems under investigation. Nevertheless, the methods of nonlinear
time series provide a qualitative approach that enables a framework for the later applied methodology
of differentiating between stochastic and deterministic carrier-envelope phase noise. To this end, a brief
introduction into nonlinear time series analysis is provided, in which one of the most famous systems
from chaos theory, namely the Lorenz system, is discussed. Further, phase space reconstruction from a
measured time series, correlation sum and correlation histogram are introduced. To provide measures to
assess the systems’ traces of determinism, the method of surrogate data is elucidated.
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Figure 2.2: Phase space representation of a) a harmonic oscillator and b) a damped harmonic oscillator. While the
trajectory of the former circles in a closed loop, the latter represents a dissipative system, which effectively leads
to a minimization of the degrees of freedom.
2.2.1 The Lorenz Attractor and Chaos
The most prominent example for a deterministic chaotic system was derived by Lorenz [151], which
describes a fairly simple model of a hydrodynamic system that involves a set of coupled differential
equations
X˙ =−σX +σY (2.6)
Y˙ = rX−Y −XZ (2.7)
Z˙ =−bZ+XY (2.8)
where σ ,r,b> 0. Commonly chosen values are σ = 10,r = 25 and b= 8/3. In this case, the above equa-
tions define a system that is deterministically chaotic. The respective Lorenz attractor features a warped
bow-tie shape as is shown in Fig. 2.3 for two initial states (blue and red). Then, already a small variation
in the initial states leads to deviating trajectories in the phase space. Similar to the earlier presented 2D
damped harmonic oscillator, which is ending in a single point (1D), the 3D coupled Equations (2.6)–(2.8)
lead to a Lorenz attractor that is characterized by isolating its trajectory in a dimension between 2 and 3
and therefore restricts itself slightly out of a plane. The actual non-integer attractor dimension can be cal-
culated and is roughly 2.06 [152], which depends on the choice of parameters σ ,r and b. Furthermore,
in both mentioned systems, the evolution into a sub-space that forms the attractor implies a reduction
of degrees of freedom due to the dissipative evolution of the system [152]. While the phase space was
introduced on the example of the harmonic oscillator and the Lorenz system, it is not guaranteed that it
can be reconstructed for any given time series, especially from a measured one. This is further elucidated
in the upcoming section.
2.2.2 Phase Space Reconstruction
Based on the idea of Packard et al. [153], Takens was able to formalize the phase space reconstruction
that enables to reconstruct the dynamics of a system from a measured, univariate time series [154].
Despite the measurement of only a single quantity, it could be shown that the phase space reconstruction
is topologically identical to the complete dynamics of the system. This can be illustratively explained
by considering the coupled Equations (2.6)–(2.8) of the Lorenz system. With evolving dynamics of
the system, X contains also information about the change of Y and Z. This connection provides already
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Figure 2.3: Phase space representation of the Lorenz attractor trajectory for two different initial conditions (15,-
5,20) in red and (5,-5,20) in blue with parameters σ = 10,r = 25,b = 8/3.
enough information to distinguish between stochastic or deterministic dynamics within the system [154].
Hence, reconstruction of the phase space can be realized by measuring a single variable of a system. For
real systems, this is not straightforward.
Suppose a system under investigation that is expressed by a time series y(t) consisting of N sampled
points separated by the sampling time ∆t
y(t) = {y(0), . . . ,y(k∆t), . . . ,y((N−1)∆t)} with (k = 1,2, . . . ,N−2). (2.9)
The phase space is then reconstructed by the formation of a collection of embedding vectors yi of
length m, with m being the embedding dimension and with embedding delays τembd such as
yi(t) = {y(t),y(t+ τembd),y(t+2τembd), . . . ,y(t+(m−1)τembd)} , (2.10)
where each of the i embedding vectors yi consist of m elements from the original time series y(t) that
were originally separated by τembd. The collection of embedding vectors is then created by starting each
embedding vector at a different time t. In this way the phase space is reconstructed by describing the
system evolution in form of a trajectory as can be seen for the case of the Lorenz attractor in 2.3,
Choosing the proper embedding delay τembd and embedding dimension m defines the quality and res-
olution of the phase space representation of the time series and is crucial for a successful reconstruction.
To find an appropriate τembd, the first minima of the autocorrelation [147] and mutual information [155]
can be used. To obtain a proper embedding dimension m usually the false nearest neighborhood method
[156] is employed as an indicator. The choice of m and τembd is of crucial importance for applications
within chaos theory, such as the calculation of the correlation dimension. Nevertheless, it is also argued
that the data covered by the product of the embedding dimension and delay m× τembd, also referred to
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as the time window length, is of higher relevance [157, 158] for a suitable reconstruction of the phase
space and interpretation of statistical properties. In this thesis a similar approach to the latter is taken
in combination with the restriction on identifying traces of determinism or the lack thereof. Hence, the
choice of m and τembd is not of definite importance by the design of the analysis. This is explained in
detail in 2.2.5.
Another important requirement for enabling the phase space reconstruction from a single, univariate
time series is the need for stationarity. In order to describe the full dynamics of a system the time series
has to be long enough to incorporate even the slowest changes of the system [147]. In this sense, the time
series needs to be stationary to allow differentiating between randomness and determinism. To assess the
stationarity of the time series a running mean is typically calculated that should not deviate from the full
time series mean by more than 3 standard deviations. A similar approach is used during the preparation
of the employed time series of CEP noise in 2.2.5. Once these conditions are fulfilled, the next step is to
make use of the reconstructed phase space.
2.2.3 The Correlation Histogram
The earlier shown phase space representation of the Lorenz attractor clearly shows the distinct uniqueness
of each trajectory point or state as no crossing can be seen. This conditions is fundamental to determin-
istic systems as it unambiguously defines the direction of evolution of the system. In a stochastic system,
however, trajectories can cross and multiple outcomes are possible. For simplicity, considering a three-
dimensional phase space, a deterministic system shows trajectories that are much closer to each other
compared to a stochastic system. The latter has many more possibilities to extend through space, and
therefore, it does not confine itself in some lower dimensional sub-space. In this sense, when consider-
ing sub-spaces of the full phase space, a sphere around a state in the deterministic system includes more
neighbors as in a stochastic system. This idea is quantified by the correlation histogram, where the phase
space trajectories are assessed according to their similarity and hence how far the states are from each
other. With increasing distance r from one starting state, the correlation sum C(r) is calculated [152] for




×{pairs(yi,y j) where r ≥ |y j−yi|,(i 6= j)} , (2.11)
with the embedding vectors from Eq. 2.10 are used and |y j−yi| represents the Euclidean difference be-
tween y j and yi. Equation 2.11 provides access to the similarity of phase space trajectories by evaluating
the probability of finding two embedding vectors within a m-dimensional sphere of radius r around a
state of the system.
When only spherical shells with width δ r around a state along the trajectory are considered, the





×{pairs(yi,y j) where r ≥ |y j−yi| ≥ r−δ r,(i 6= j)}. (2.12)
When considering the phase space distribution of system states it has to be ensured that temporal neigh-
bors, which lead to short Euclidean distances, are not included and thereby do not contribute to the
correlation histogram for small r. To this end, the minimum distance w is introduced to enable exclusion
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Figure 2.4: Correlation histogram of the X-component of the Lorenz time series(red) with m = 7, τembd = 10 using
effectively 50.000 points. In blue, 10 stochastic surrogates of the original Lorenz series are shown.
of temporal neighbors along the trajectory path. In general, this distance w is chosen to extend over
several autocorrelation lengths. Using the same approach of phase space reconstruction and assessing
the metric differences between embedding vectors enables to analyze the correlation histogram
C˜H(r) =
1
(N−w)2 ×{pairs(yi,y j) where rbin = |y j−yi|, ( j− i> w)} . (2.13)
Here, the distance rbin is set to be of discrete nature, which can be carried out as the original data is
limited in resolution and binning of various values of r is conventionally done to minimize computational
complexity. For simplicity, rbin is further referred to as r. Based on the correlation histogram from Eq.
2.13, Grassberger and Procaccia [159, 160] developed a methodology, namely the Grassberger-Procaccia








Θ(r−|yi−y j|) , (2.14)
where Θ is the Heaviside step function. While for small metric differences r, the correlation sum shows
a power-law dependence for a deterministic signal with CGPA(r,m)∝ rDc ∀m, where Dc is the correlation
dimension, a stochastic signal gives a CGPA(r,m) ∝ rm ∀ m behavior that increases with the embedding
dimension. Nevertheless, for estimating statistical properties of a time series the correlation histogram
can also be used. Similar to this approach, the number of counts in the correlation histogram at short
distances is used to compare deterministic and stochastic signals. Fig. 2.4 (red) shows the correlation
histogram of the Lorenz system for τembd = 1 and m = 7 calculated by employing the above mentioned
correlation histogram. A clear trend of the counts is seen for increasing r. Therefore, the phase vector
representing the system in the phase space already provides enough information to distinguish between
deterministic and stochastic dynamics by employing part of the Grassberger-Procaccia algorithm, pro-
vided that some reference exists. This is the topic of the next section, where the method of surrogate data
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is introduced.
2.2.4 The Surrogate Method
In order to classify the statistical properties of a time series by means of the correlation histogram at least
one known reference, either of purely deterministic or stochastic nature, is required. It was elucidated
before that a deterministic system shows a higher probability of close-proximity points or states within
its phase space representation and thereby results in a higher count in the correlation sum compared to a
stochastic time series. A way to classify this difference is given by the surrogate method. To this end, a
baseline is established by means of creating a purely stochastic system that originates from the original
time series. In this sense, a null hypothesis is formulated that declares the original time series to be
originating from a stochastic Gaussian process [161, 162]. In this case, the original times series has an
underlying stochastic probability distribution that is normally distributed in the limiting case of infinite
elements. Then, an attempt is made to reject this null hypothesis by the method of surrogate testing,
where surrogates are created with data from the original time series, but are randomly shuffled and hence
purely stochastic. The null hypothesis is rejected if the correlation histograms differ significantly for
small Euclidean differences.
To ensure direct comparability of the surrogates and the original time series, certain requirements for
creating surrogates need to be set. First, linear attributes of the original need to be maintained within
the surrogates. This requires identical linear descriptive statistics, linear histograms and nearly identical
power spectra to the original time series. However, while these statistical properties need to be main-
tained, any determinism that is present in the original is removed. To this end, phase randomization of
the original data is carried out. This process may induce changes of the above mentioned linear statistics
during the creation of the surrogates. Therefore, power spectral density as well as the autocorrelation
of the surrogates are adjusted to match the ones of the original time series in an iterative process [42,
161]. The creation of the surrogates includes three steps. First, amplitude-adjusted Fourier transform
of the original time series is carried out [161]. After Fourier transformation, each complex amplitude is
multiplied by a random phase factor that is extracted from true random Johnson noise [145] mapped onto
the interval [0,2pi[. Subsequently, inverse Fourier transformation is done, while previously maintained
phase symmetry warrants a real-valued result. To obtain the same power spectrum of the randomized
phases, the previously carried out rescaling needs to be reversed. Second, once randomization is com-
pleted, an iterative approach repeating the previous steps is taken to adapt the power spectral density of
the surrogate to the one of the original. Once sufficiently realized, the third step involves the matching of
the autocorrelation function of both by simulated annealing. A more rigorous and detailed description on
the surrogate formation method can be found in the dissertation of Birkholz [42] and the original paper
by Theiler [161]. The methods of nonlinear time series are further extended to enable time-resolved
analysis of CEP noise.
2.2.5 Time-Resolving Nonlinear Time Series Analysis to
Distinguish Statistical Properties
In this thesis, the nonlinear time series analysis is further extended in order to analyze CEP noise on
different time scales. To this end, a methodology is established that is later used to analyze free-running
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CEP noise of various oscillators with the goal of differentiating deterministic and stochastic noise with
time resolution. This is exemplary carried out for the earlier introduced X-component of the Lorenz time
series as well as a purely stochastic time series.
In the first step several time series are obtained, of which each covers a different time span. To this
end, the original series x(ti) of length N is resampled by averaging over segments of length M j, which
leads to the formation of a new time series




x(ti) ∀z ∈ N ≤ N/M j (2.15)
where M = {1,2, . . . ,19,20,30,40, . . . ,M j,200,250, . . . ,500} . (2.16)
In this way, here, e.g., 38 different time series of the original one are generated, where each time series
is resampled on a different time scale. By subsequently removing the moving average over each point
z in each time series by considering 250 points prior and 250 points after (acausal moving average), a
stationary time series is established that can be used for reconstruction of the phase space. This means
X∗j,z = Xˆ j,z−Mean
{
Xˆ j,z−250, . . . , Xˆ j,z, . . . , Xˆ j,z+250
}
. (2.17)
Then, nonlinear time series analysis in combination with the surrogate method is applied to each time
series as was presented in section 2.2.3 using Eq. 2.13. This results in a total of m×Mtotal× (Nsurr +1)
histograms CH(r) to be computed. One such histogram with its respective 10 surrogates can be seen in
Fig. 2.5 c) for the Lorenz time series with M = 10, where also the selection range at small Euclidean
distances is indicated by the green area. Subsequently, each histogram is accumulated starting at short
Euclidean distances. This leads to the correlation sum. Then, the statistical significance is calculated in




with r ∈ [rsurr : CH,≤r = (0.2+0.002×m)CH,rmax ] , (2.18)
where m is the embedding dimension, CH,surr,r the mean of all surrogate counts at the particular distance
r and rsurr, the distance r at which all surrogates have been found to result in counts as they do not nec-
essarily start at the same bin. The range of selection is indicated in Fig. 2.5 c). While the lower border
is set to vary with the beginning of all surrogate counts rsurr, the upper limit is essentially dynamic and
is initially placed where 20% of all counts CH,rmax are found. The upper limit is set to increase with the
embedding dimension to account for changes in the histogram. In this manner, the calculation of the
statistical significance is found reliable over the strongly varying phase space characteristics seen when
reconstructing the phase space for increasing embedding dimensions. The extraction range of the statisti-
cal significance varies with the system under investigation and hence the resulting histogram. Therefore,
it is later chosen during the investigation of CEP noise in between 1% and 10% of the maximum count
found in the correlation sum.
By repeating this assessment of the statistical significance for all computed histograms, a time scale
can be established, as each time series is segmented by different temporal parts of the original. This
time scale ranges from the minimum sampling time dt up to m× dt×Mmax, where Mmax is the highest
element of M used in the analysis. Normally, it is necessary to discard results from small values of m, the
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embedding dimension, as the vector is too short to properly resolve the systems properties in the phase
space. Then, by subsequently averaging over all values of statistical significance for one particular time
unit, an estimate of the stochastic properties of the time series on this time scale can be given, such as
is presented in Fig. 2.5 d), where the mean statistical significance is given as a function of an artificial
time scale with dt = 0.01. This methodology has been carried out for the Lorenz system as well as
pure stochastic noise taken from real random numbers [145] as can be seen in Fig. 2.5. It is shown
that a distinct difference in statistical significance between the deterministic Lorenz time series and the
stochastic noisy time series exists. While for the former the statistical significance stays well within
the range of 103-105σsurr over more than 10 time units, it clearly stays below 5 σsurr in the case of the
stochastic time series. This confirms the validity of this approach despite the strong averaging present.
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Figure 2.5: The three main steps for the proposed analysis methodology on the example of the Lorenz time series
and a stochastic time series are shown. Out of the original time series (see a)), by averaging over M elements,
subsets are established that effectively describe the system on a different time scale. To ensure stationarity moving
average is carried out as can be seen in b) for M = 10 for the case of the Lorenz system. Then, nonlinear time series
analysis is achieved as presented earlier in section 2.2.3, which results in a total of m×X∗j × (Nsurr + 1) = Ntotal
histograms to be computed. One such histogram is the one shown in c), where also the selection range at small
Euclidean distances is indicated by the green area. Subsequently, for each histogram the statistical significance is
calculated. By repeating this step for all computed histograms, a time scale is established. Furthermore, averaging
over all statistical significances at one particular time unit as well as for all computed histograms falling into that
range thus enables representation over time as is shown in d). Clearly, the difference in statistical significance for
both time series can be seen. While the statistical significance resides within a range from 103 to 105σsurr for the
Lorenz system, the purely stochastic time series stays below 5 σsurr.
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2.3 Comparative Noise Analysis of Different Laser Sources
Earlier introduced methodologies are further applied to the free-running residual CEP noise of various
laser oscillators in order to gain insights into the intra-cavity sources that govern the CEP. In addition,
traditional noise analysis by power spectral density as well as amplitude and frequency noise densities
is carried out. In this sense, a deeper understanding of why some lasers are readily CEP stabilized and
others show severe residual phase noise inhibiting proper stabilization is established. This facilitates a
greater range of potential sources for frequency comb applications and as a front-end for high-power
amplifiers.
After introducing the analyzed laser sources and providing their measured fCE beat note, the prepa-
ration of the time series is given. Subsequently, the coupling between the carrier-envelope frequency and
amplitude noise is analyzed using presented time-resolving Kendall-τb methodology from 2.1.1. Then,
the nonlinear time series results are provided, which is followed by a discussion of possible coupling
mechanisms. Finally, one particular laser is investigated, in which the source of broad CEP noise is
attributed to its mode-locking mechanism.
2.3.1 Analyzed Laser Sources
The comparative study involves the measurement of the free-running CEP of three differently mode-
locked fiber lasers and a Ti:sapphire oscillator based on Kerr-lens mode-locking. While two of the
employed fiber lasers are based on artificial saturable absorbers, the third actually incorporates an addi-
tional device, namely a saturable absorber mirror (SESAM) to regulate self-amplitude modulation. The
first oscillator is a home-built Yb:doped fiber laser [163] that achieves mode-locking by nonlinear polar-
ization rotation (NPR) [82], similar to the principle presented in section 1.3.1. However, the employed
NPR laser is actually comprised of two lasers, where the repetition rates of both are stabilized against
each other by balanced optical cross-correlation [164]. While the first Er:doped fiber laser employs the
earlier mentioned SESAM (Er:fiber A), the second one (Er:fiber B) incorporates a figure-of-eight cavity
design [165] for mode-locking, where an additional nonlinear amplifying loop mirror (NALM) acts as
an artificial saturable absorber and effectively limits self-amplitude modulation of the pulse. Neverthe-
less, the mode-locking designs presented here are principle-based only, as the latter two are commercial
products, which do not reveal their technical details. However, the insights gained by this analysis can
be nevertheless manifold as will be shown later. Table 2.3.1 provides an overview of common laser
parameters for all presented laser sources.
The CEP is easily compromised by different noise sources as has been introduced in section 1.5. Re-
ferring to the laser by its mode-locking mechanism is only for convenience and does not imply that, e.g.,
a NPR laser built with Yb:doped fiber or Er:doped fiber share similar noise characteristics. Nevertheless,
as is shown in this systematic investigation, the mode-locking mechanism plays a key role.
2.3.2 Extraction of the CEP Noise
With the exception of the Yb:doped fiber laser, where only the differential CEP between two lasers
was measured by the optical heterodyne beat method [98, 166], the CEP of the three other oscillators
was obtained by employing f -2 f interferometry. In the former case, optical heterodyne beat detection
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Laser Ti:Al2O3 Yb:fiber Er:fiber A Er:fiber B
Repetition rate frep (MHz) 84 157 80 250
Average power Pout (mW) 520 70 1 3
FWHM pulse duration τ (fs) 10 70 500 72
Upperstate lifetime τrad (ms) 0.004 1-2 8-10 8-10
Mode-locking KLM NPR SESAM NALM
CEP measurement f -2 f HD f -2 f f -2 f
6 dB noise bandwidth ∆ν (kHz) 50 300 1200 50
Time-bandwidth product ∆ν× τrad 0.2 450 11000 450
Sampling rate τs (MHz) 25 25 50 50
Table 2.1: Common parameters of the employed lasers and the CEP measurement in the comparative study.
provides information about the optical phase noise that is only unambiguously CEP noise within the
locking bandwidth of the repetition rate lock of both oscillators. In this sense, if the repetition frequency
frep of both combs f1 = frep + fCE1 and f2 = frep + fCE2 is perfectly locked, the measured beat note
is actually comprised of the difference of both fCE,measured = fCE1 − fCE2 . The avoidance of nonlinear
processes in this approach leads to a strongly reduced influence of shot noise, which can be detrimental
in f -2 f interferometry. Nevertheless, despite the potential drawbacks of those nonlinear processes, in
particular supercontinuum generation has been seen to be actually beneficial for noise analysis as it is
known to strongly amplify amplitude fluctuations at the input [167], which enables to detect even weak
correlations between amplitude and phase.
The free-running CEP beat note of all four lasers systems was situated at roughly 10 MHz and sub-
sequently oversampled by at least a factor of 2.5 for 1 s, leading to 25 or 50 million data points, re-
spectively. Using f -2 f interferometry provides an amplitude modulation u(t) with the carrier-envelope
offset frequency fCE. After Fourier transform and normalization, this leads to the beat notes as is shown
in Fig. 2.6, where the 6 dB width of these rf beat notes represents the optical full width at half maxi-
mum (FWHM). The beat notes strongly vary in widths ranging from 50 kHz for the Ti:sapphire laser and
beyond 1 MHz for the SESAM mode-locked Er:doped fiber laser A. Interestingly enough, the NALM
mode-locked Er:doped laser’s beat note width is comparable to the one obtained with the Ti:sapphire
laser, which was seen before for other fiber lasers [168, 169]. Subsequently, the beat notes are isolated
within a range ∆ f until the beat note reaches the noise floor. This width ∆ f determines the resolvable









(−2pii f t ′)dt ′d f , (2.19)
where T represents the duration of the time series. Then, v(t) provides access to the instantaneous
amplitude and frequency














respectively. These two time series provide the basis for the upcoming correlation analysis employing
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Figure 2.6: Power spectral density of the free-running beat notes of presented lasers, which are identified by
their respective mode-locking method. With the exception of the NPR beat note that was obtained by the optical
heterodyne beat method, the other three were measured using f -2 f interferometry. Here, the normalized noise
equivalent bandwidth3(NENBW) = 1.5 Bins and resolution bandwidth (RBW) = 5.33 Hz is given.
the Kendall-τb rank coefficient. However, the phase term ϕ = arg [v(t ′)] is further used for the nonlinear
time series. To this end, the phase is concatenated by correcting the 2pi shifts and subsequently, the linear
trend is removed. Furthermore, the first and last 200 points are discarded, as Fourier transform ringing
needs to be avoided due to possible artifacts.
3In order to avoid ringing during Fourier transformation as a result of a limited measurement time, the use of filters is
typically required. The normalized equivalent noise bandwidth (NENBW) is used to account for a window-dependent signal-
to-noise ratio and ensures equal noise powers of both, filtered and unfiltered signal. It is expressed in terms of frequency bins
and defines here the use of a Hanning window filter.
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Figure 2.7: Frequency noise density (blue) and amplitude noise density (orange) of all isolated beat notes. a)
Ti:sapphire oscillator based on Kerr-lens mode-locking, b) Yb:doped fiber laser based on nonlinear polarization
rotation, c) Er:doped fiber laser mode-locked by a NALM and d), SESAM mode-locked Er:doped fiber laser.
2.3.3 Carrier-Envelope Amplitude and Frequency Correlation Analysis
Employing the time-resolved Kendall-τb correlation analysis approach (see section 2.1.1), the correlation
between carrier-envelope amplitude a(t) and frequency noise f (t) is analyzed. By separately resampling
both time series according to Eq. 2.4, the Kendall-τb is calculated for a time frame ranging up to nearly
10 ms as can be seen in Fig. 2.8. While with increasing time scales, the number of elements compared by
the Kendall-τb algorithm is reduced, values over 1 ms are increasingly unreliable. Nevertheless, restrict-
ing the discussion to time scales below 1 ms essentially reveals two different trends. For the KLM and
NPR oscillators a strong, on increasing time scales strengthened correlation is found that quickly rolls
off above the millisecond time scale. However, for the Er:doped laser systems based on SESAM and
NALM mode-locking, a weak and negligible correlation nearly independent of frequency is observed,
respectively. The former trend of the KLM laser especially pronounces the low-pass filtering effect of
the Ti:sapphire gain medium, where fluctuations below the upper-state lifetime of about 4 µs cannot be
followed by the laser anymore. In the case of the NPR laser, strong correlation is reaching well below
the upper-state lifetime, which is around 1-2 ms. However, one reason for high-frequency and amplitude
correlation can be the earlier explained laser response bandwidth. This bandwidth can be larger than the
upper-state lifetime and depends on the nonlinear loss induced to saturate the self-amplitude modulation
(SAM) that enables to form a stable net gain window [127]. Another potential reason are thermally-
induced refractive index changes in the gain medium. Interestingly, such coupling effects are not seen
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Figure 2.8: Kendall-τb analysis carried out for introduced oscillators. Two trends are essentially visible. While
the NPR and KLM laser show a frequency-dependent relatively strong correlation, the SESAM and NALM-based
Er:doped oscillators show only weak or no correlation, independent of frequency.
in the Er:doped fiber lasers. While the SESAM-based oscillator shows a constant 5% correlation almost
over the whole analyzed time period, the NALM oscillator result indicates no correlation to be present
at all. The found correlation of the former is further analyzed in the later part of this chapter, where the
SESAM is suspected to facilitate conversion of intra-cavity amplitude noise to phase noise.
2.3.4 Nonlinear Time Series Analysis of Residual CEP Noise
After gaining insight into frequency to amplitude coupling of the lasers involved in the comparative study,
the statistical nature of the carrier-envelope phase noise is further analyzed. To this end, the carrier-beat
note is isolated by the Takeda algorithm according to Eqn. 2.19 and subsequently, the noise is extracted
as discussed in section 2.3.2. This is followed by resampling the time series and additionally, averaging
by employing a moving window (see section 2.2.5 for details). Histograms for the original time series
and 15 surrogates are calculated and subsequently, the statistical significance is extracted for a fixed
range of 1 % to 10 % accumulated counts beginning from the shortest distance in the phase space. After
averaging over statistical significances resulting from different data series within the same respective time
range, the graphs shown in Fig. 2.9 are obtained. In order to differentiate between rather stochastic and
fairly deterministic nature, a transition region needs to be established. To this end, the commonly chosen
3-5 σsurr range is selected that enables at least 99.73 % probability (assuming a normal distribution) to
reject the null hypothesis that the original time series is originating from a stochastic process. Therefore,
above and beyond this range determinism can be concluded to be present in the time series and is gaining
strength with increasing σsurr. This helps to guide to the origin of noise sources as deterministic noise
is typically a result of a technical origin, while, e.g., quantum noise would reveal itself as stochastic
contributions. It is important to note that even a purely deterministic system in the presented experiments
will show some traces of stochastic behavior as the measurement-induced uncertainty originating, e.g.,
from white detection noise inevitability leads to spurious white contributions. The statistical evidence
over time shown in Fig. 2.9 for the four different oscillators’ residual CEP noise bears two interesting
trends. While the Er:doped oscillators (SESAM, NALM) are mostly well below a statistical significance
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Figure 2.9: Calculated statistical significance over time with corresponding frequencies for in a) the KLM, b),
NPR, c) SESAM, and d) NALM laser. Additionally, the 95 % confidence intervals are indicated.
of 3σsurr, with both showing severe stochastic behavior above 1 ms, this result is not seen for the NPR
and KLM laser, where regimes above this limit of σsurr > 3− 5 exist. Especially the SESAM-based
oscillator shows a strong indication for broad stochastic noise with a severe roll off to purely stochastic
noise above a millisecond.
2.3.5 Noise Analysis Discussion
The presented results of the novel approaches in combination with the common spectral densities of the
CEPs’ amplitude and frequency lead to several conclusions. The Ti:sapphire laser clearly confirms the
expected low-pass filtering effect in the time-resolved Kendall analysis, where no correlation above the
upper-state lifetime of roughly 4 µs can be seen between amplitude and frequency noise. Furthermore,
the correlation is receding above several milliseconds. The same picture emerges in a trend of correlation
between both amplitude spectral densities in Fig. 2.7, where especially in the acoustic range (50 Hz -
1 kHz) several peaks coincide. These acoustics are even visible in the nonlinear time series analysis in
Fig. 2.9 a) indicating a deterministic origin. Even if the statistical significance is not reaching well above
3-5σsurr, determinism can be hidden below strong stochastic noise originating from ASE or even shot
noise occurring during detection. Nevertheless, the strong beat note exceeding 50 dB substantially lowers
the influence of the latter. Contribution from (amplified) spontaneous emission in the form of Schawlow-
Townes frequency noise can be estimated using Eq. 1.61 to within 8×10−4 Hz/√Hz, while additional
timing jitter frequency noise according to Eq. 1.65 [87, 132] is limited to roughly 2× 10−2 Hz/√Hz.
Both are well below the measured frequency noise density shown in Fig. 2.7 a) by several orders of
magnitude. Despite adding technical noise sources typically revealing themselves as having a rather
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limited bandwidth, white noise is seen to be present. Hence, detection noise could still pose a problem.
Nevertheless, the estimated shot noise limitation is only strong enough for high Fourier frequencies above
3×105 Hz.
Another potential source of the strong noise in the free-running measurement is amplitude-to-phase
coupling that well exceeds the quantum limitation. The origin of this are most likely pump-power fluc-
tuations as has been seen in other cases [170, 171, 172]. These energy fluctuations couple to phase noise
via the Kerr effect [173, 174] and can lead to substantial phase noise if not damped. However, damping
occurs naturally at the relaxation oscillation in the laser gain media, thereby limiting amplitude-to-phase
coupling. This may explain the seen time-bandwidth product coming close to a Lorentzian line shape
as noise up to the relaxation oscillation [175] is dominated by amplitude noise. The time-bandwidth
product is obtained by taking the 3 dB optical and hence 6 dB rf-bandwidth of 50 kHz and the upper-state
lifetime of 4 µs, leading to roughly 0.2, close to a Lorentzian shape.
The NPR oscillator shows strong correlation of amplitude and phase up to the bandwidth of the
feedback loop at 10 kHz of the timing jitter stabilization, which actually coincides with the peak of the
Kendall-τb correlation analysis. Hence, this strong correlation could be simply a feedback loop artifact
or originating from optical phase noise and is not necessarily carrier-envelope phase noise. Nevertheless,
the nonlinear times series suggests rather stochastic noise in this frequency region.
The NALM-based Er:doped fiber laser shows mainly white noise in amplitude and phase, which is
confirmed by the nonlinear time series analysis. Furthermore, no correlation of both, amplitude and fre-
quency noise can be seen in the time-resolved Kendall analysis. Together, this indicates operation at the
fundamental limit of amplified spontaneous emission. Another possible source of this trend could be ad-
ditional white noise from the measurement process itself, namely shot noise. Nevertheless, this is rather
unlikely as the strong beat note of roughly 48 dB implies high photon numbers during measurement.
The second Er:doped fiber laser, which is mode-locked by a SESAM, provides an exceptionally broad
beat note of 1200 kHz at 6 dB rf-bandwidth. In combination with the spectral densities and the nonlinear
time series result this clearly indicates a broad white noise origin. While the reason for this strong
white noise could also be due to detection-induced shot noise, however, the unexpected 5 % broadband
correlation seen between amplitude and frequency well beyond the possible laser bandwidth above about
1 ms in the Kendall-τb analysis strongly supports the assumption of a coupling mechanism that connects
amplitude and frequency variations. As no traces of determinism and correlation above the laser response
bandwidth should be expected, this coupling mechanism could be originating from the mode-locking
mechanism itself, hence the SESAM. This is further investigated in the next part.
Overall, despite the limited number of analyzed lasers, essentially the mode-locking mechanism
seems to be of higher importances compared to the actual gain medium. This is supported by the differ-
ence seen in the mode-locked Er:doped fiber lasers, where two severely differing broad beat notes have
been observed.
2.3.6 Broadband Coupling Mechanism in the SESAM-based Oscillator
The observed broadband correlation between amplitude and frequency CEP noise in the SESAM-based
Er:doped fiber laser can be explained by a conversion of ASE energy fluctuations into CEP fluctuations.
In laser diodes, a similar coupling has been seen between the junction voltage and intensity fluctuations
[176, 177], where the origin of this coupling has been attributed to the dipole interaction between the
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internal field and electron-hole pairs.
To further verify the hypothesis of a broadband coupling mechanism that introduces additional CE
phase noise well beyond the response time of the gain medium, the potential origin is investigated.
One of the fastest intra-cavity responses is provided by the saturable absorber mirror (SESAM) that
enables transient cavity loss control and thus the stabilization and initialization of femtosecond long
pulses. In this way, the SESAM effectively provides saturation of the self-amplitude modulation and
thereby allows the opening of a net gain window, which is required for the pulse formation. This fast
interaction between pulse and SESAM can lead to a complicated temporal response of the pulse and
thereby result in negative side-effects. One such effect is occurring when the SESAM is operated at or in
the close proximity to a narrow excitonic resonance line, where the exciton’s create an additional peak
in the absorption spectrum within the band gap. Then, the related absorption dynamics and changes in
refractive index may introduce additional CEP jitter.
When a SESAM is operated at a narrow excitonic resonance, the absorption change ∆α can be















In order to reproduce such a response of the SESAM, an ensemble of pulses that form a pulse train
is simulated. A Poissonian distribution of photon numbers within each pulse is assumed. Each pulse
consists of 〈EP〉 = 10 pJ energy and respective 〈N〉 = 8× 107 photons, which corresponds to common
















where Fsat is the saturation fluence, F the fluence and ∆R the modulation depth. In the above equa-
tion, non-saturable losses are neglected. Choosing ∆R = 30%, and an average fluence of F = 3Fsat,
the resulting absorption change is ∆α = 1.1× 10−5, within the range of values found at an excitonic
resonance line [179]. The resulting absorption change at a resonance centered at 1560 nm is shown in
Fig. 2.10. Hence, an absorption change ∆α = 1.1×10−5 results in a phase change via Kramers-Kronig
of ∆ϕ(ω) ≥ 20 µrad. The strong dispersive slope induces via 2.22 a carrier-envelope phase change
∆ϕCE(ω) = −10mrad. Since the relaxation time of common SESAMs is readily within the picosecond
range, a broadband coupling mechanism well beyond the gain mediums response time is possible as
was seen in the experiments for Er:doped fiber laser A. This can be estimated to induce a broadening of
the beat note by 200 kHz at 100 MHz repetition rate. Therefore, operation of a SESAM under certain
conditions within a fiber laser may readily introduce additional broadband CEP noise in the presence
of intra-cavity pulse energy fluctuations [180]. As this also interferes with the carrier-envelope offset
frequency, it renders SESAM-based oscillators only partially suitable for frequency comb applications.
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Figure 2.10: Simulation of the Kramers-Kronig relation that connects the absorption change to the phase change
within the SESAM. a) Assumed absorption change ∆α at an excitonic resonance, b) resulting phase change ∆ϕ ,
and c) associated carrier-envelope phase change ∆ϕCE.
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2.4 Concluding Remarks
Inherent CEP noise properties of different laser oscillators were systematically investigated with con-
ventional and novel tools. To this end, the free-running CEP obtained from three different fiber lasers
and one Ti:sapphire laser were employed. While the novel tools, namely the time-resolved Kendall-τb
correlation analysis and time-resolved nonlinear time series analysis were employed to investigate cor-
relations between amplitude and frequency and the statistical nature of the noise, respectively, in com-
bination with the power spectral densities of amplitude and frequency several conclusions can be made.
First, the residual CEP jitter seems to depend on the employed mode-locking mechanism, as can be seen
in the varying performance of the two Er:doped fiber lasers. While the SESAM within one Er:doped
fiber laser can be suspected to introduce a coupling of intra-cavity power fluctuations to CEP noise well
beyond the response bandwidth of the laser, the second Er:doped laser showed no correlation over the
whole analyzed region at all. Hence, this suggests that avoiding SESAMs when it comes to optical fre-
quency combs might be beneficial for the overall comb stability. To the contrary, the NPR-based system
and Ti:sapphire-based laser both show a strong correlation around 1 ms rolling off to faster time scales.
While the statistical noise analysis indicates white noise present in this frequency range, the frequency
noise densities and amplitude spectral densities show isolated peaks in this region that might connect
both amplitude and phase fluctuations to a technical source. Interestingly, for the NPR laser, the strong
amplitude-to-frequency noise correlation seen in the Kendall-τb analysis peaks with the bandwidth of the
repetition rate lock of both lasers. Essentially, in all lasers strong white noise signatures are observed.
Especially in the Ti:sapphire and NALM laser, little indications for intra-cavity coupling mechanisms
beyond the laser response time is seen.
To conclude, the results of the nonlinear time series analysis as well as the frequency spectrum
indicate a different origin of the noise. It can be suspected that rather constraints during measurement
may affect the performance. This is investigated in the next part with an emphasis on the CEP detection of
amplified pulses, where strong white noise sources typically dominate. Overall, in order to gain a deeper
understanding of CEP noise characteristics and their dependencies on the mode-locking mechanism and




Fundamental Limitations in Amplifier CEP
Detection
In the previous chapter, CEP noise sources within various oscillators have been analyzed in order to
understand why some lasers are readily CEP stabilized and others have been found to show severe fluc-
tuations rendering stabilization troublesome. While continuous progress has been made in minimizing
residual jitters to only 8 attoseconds (20 mrad) in oscillators [12], most experiments involving highly
nonlinear interaction, such as the generation of (isolated) attosecond pulses employing HHG [5, 18, 91,
181], require high peak powers. To this end, chirped-pulse amplification is typically used to amplify
the pulses. While being amplified, the pulse is exposed to noise of technical and environmental nature.
Furthermore, fundamental limitations such as quantum mechanical effects act upon the CEP during, e.g.,
the amplification process itself [5]. Technical noise sources are introduced by beam pointing variations
in stretcher and compressor [32, 133], pulse picking jitters [135] or pump feedback loops as has been
discussed earlier. Comparable CEP stability to oscillators has not been achieved to date as residual jitters
of around 150 to 200 mrad are typically obtained on a single-shot basis [16, 18, 19, 123]. In fact, it is
quite common during measurement of the CEP of amplifiers to average over multiple laser pulses. This
is required due to weak intensities at the back-end of the detection scheme. Then, averaging leads to
an effective underestimation of the actual residual CEP jitter. Furthermore, these low photon numbers
lead to an increased impact of electronic noise, which can additionally spoil the measurement. However,
identifying and reducing potential noise sources requires precise single-shot CEP detection, which then
enables meaningful interpretation of the power spectral density up to half of the repetition rate. First ap-
proaches in this direction with a common spectral interferometry setup revealed strong single-shot jitters
above one radian [182]. Further steps to optimize single-shot CEP measurements and to expose addi-
tional noise features in the power spectral density were undertaken by Koke et al. [16], who developed
and employed the measurement scheme named fast f -2 f interferometry. Single-shot results showed
CEP fluctuations that substantially exceeded 0.5 rad [16], while the noise floor in the phase noise density
was clearly dominated by white noise that was identified to originate from shot noise during detection.
Therefore, it can be argued that shot noise hinders further minimization below the measured shot-to-shot
210 mrad residual CEP jitter. Additionally, a reduction of shot noise may uncover further noise sources
that could be subsequently removed.
In this chapter limitations during detection of the CEP are addressed. Shot noise, as a fundamen-
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tal limit, is further discussed in detail, while measures to minimize its extent are introduced. Then,
the shot noise-inflicted CEP jitter is estimated, with subsequent stabilization of the CEP. Finally, fur-
ther limitations introduced by the supercontinuum (SC) process are discussed where potential coherence
degradation during filamentation is analyzed in the context of introducing additional uncertainty during
the measurement of the CEP.
3.1 Limitations of Amplifier CEP Detection
CEP detection of amplified pulses has been carried out in various ways [16, 95, 102, 106] as has been
described in section 1.4.1. Here, the discussion is focused on spectral interferometry-based CEP detec-
tion and its further developments. In these measurement schemes, the spectral extension is subsequently
followed by frequency-doubling, both typically organized in a common-path arrangement. Within the
detection scheme, additional noise can be added to the actual CEP jitter in manifold ways, with large
contributions stemming from the interferometer design, the fringe contrast or resolution in the spec-
trometer, and possible latencies imposed by the CEP control due to limited bandwidth. These technical
contributions are supplemented by fundamental constraints such as shot noise during detection.
This chapter is focused on minimizing the fundamental uncertainty during detection, which is said to
be mainly caused by shot noise. Shot noise was identified by Koke et al. [16, 118] as the major limiting
constraint due to the dominating white noise floor seen in the phase noise density of their measurement.
Despite pulse energies in the order of 1 mJ, translating into roughly 1016 photons at 800 nm that are
readily available from amplifiers, the critical power during supercontinuum generation (SCG) limits the
participating photons before multi-filamentary break-up to about 1013 and 1011 at 800 nm in the case of
gases and solids, respectively [119]. Furthermore, a reduction by two to three orders of magnitude found
in the spectral region of interest at the edges of the SC is present. Combined with second-harmonic
generation, this results in the formation of interference fringes that consist on average of only 〈N〉 ≈
104-107 photons per pulse for solids and 106-109 for gases. In their experiment, Koke et al. estimated
the residual photon numbers to be roughly 32.000 that form a single interference fringe in a fast f -
2 f arrangement. This indicates a strong limitation due to shot noise when sapphire is used as a SCG
medium. Additionally, at those low photon numbers, averaging over multiple shots m can be necessary
in some situations. The shot noise effect during CEP read-out is numerically estimated in the next part.
3.1.1 Numerical Simulation of Shot Noise in Amplifier CEP Detection
With shot noise corresponding to the fundamental limit of resolution of the CEP when neglecting detector
noise, it is well worth to analyze its effect on CEP stability.
Following the approach presented earlier by Borchers et al. for oscillators [24], each pulse of the
noisy pulse train N(k) from equation 1.67 corresponds to counts detected by one pixel of a pixel-based
detector with L elements at the output plane of the spectrometer as it is sketched in Fig. 3.1 a). Here,
a perfect fringe contrast with 100 % modulation depth is assumed that corresponds to balanced photon
numbers within the second harmonic and fundamental region. Shot noise is introduced by adding Pois-
sonian noise with spread
√
N(k). The position of the fringe is extracted by FFT-based algorithms, or
if the fringe period is known, via a method similar to lock-in detection where the phase of the Fourier
component is readily accessible. Employing the latter approach, the Poissonian noise-covered oscillation
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Figure 3.1: a) Numerically simulated fringe pattern N(k) with Poissonian noise spread
√
N that includes shot
noise. Three different scenarios with a total number of photons Ntot are given. b) Simulated shot noise-induced
CEP jitter in mrad for the case of spectral interferometry based on a CCD detector following Borchers et al. [24].
Here, unbalanced photon numbers as well as electrical contributions are excluded.
N(k) is numerically mixed with a reference signal and subsequent integration over the fringe pattern is
carried out for a sinusoid and cosine with spatial fringe frequency fk, which leads to
X =∑
k
N(k) cos(2pi fkk) ∧ Y =∑
k
N(k) sin(2pi fkk) , (3.1)
where the CEP of the fringe pattern ϕF is then available by the angle ϕF = tan−1(Y/X). This detection
method only provides access to the phase slippage from shot-to-shot, not the absolute phase. While
simulations show that the number of pixels L has no impact on the CEP jitter, the total number of detected
photons Ntot = 〈N〉 ·L defines the shot noise-induced CEP jitter. Any averaging over multiple shots m
can then be interpreted as a simple accumulation of photons and thereby effectively reduces the shot
noise-induced CEP jitter by a factor of
√
m [183]. This is only the case for a Gaussian noise distribution,
while in experimental conditions, technical noise might deem the noise characteristics differently. The
result of the simulation is shown in Figure 3.1 b), where the orange line indicates the found 1/
√
Ntot
scaling of the noise floor. Hence, a four orders of magnitude increase of photons results in a two order of
magnitude reduction of the shot noise-induced CEP jitter. Borchers [119] additionally included technical
noise sources such as electrical noise due to the dark current present in any semiconductor junction and
additional read-out noise of the CCD caused by thermal noise. With a realistic read-out noise figure of
about 30 electrons per pixel and frame, a severe contribution for photon numbers around and below 104
can be expected that leads to some tenth of mrad additional phase jitter. Above 105 photons the impact
becomes increasingly negligible. Therefore, at low photon numbers, electric contributions may cause
additional uncertainty, especially in the case of CCD detectors. Nevertheless, in photomultiplier tubes
these technical contributions are largely minimized.
Overall, this numerical analysis clearly emphasizes the need for increasing photon numbers at the
back-end of the detection scheme in order to minimize shot noise and potential electrical contributions
to the shot-to-shot detection uncertainty.
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Figure 3.2: Nonlinear refractive index n2 as a function of the respective critical power Pcrit. While solids and
liquids only allow limited incident powers up to several MW, gaseous media enable high peak power filamentation
in the GW regime. In between those three phases of matter, a huge gap exists that can be filled with gaseous media
at increased pressures such as xenon at 8 bar.
3.2 Reducing Shot Noise in Fast f -2 f Interferometry
In the previous section numerical investigations have shown that low photon numbers lead to strong
contributions of shot and electric noise that can be responsible for part of the measurement-induced CEP
uncertainty. Here, the influence of shot noise on the CEP detection is further experimentally verified and
minimized to a negligible extent.
3.2.1 Identifying Potential Measures Against Shot Noise
The shot noise-inflicted CEP jitter can strongly influence the detection process and thereby decrease the
resolution of the fringes. In order to avoid this uncertainty, the two nonlinear processes involved in f -
2 f interferometry need to be optimized. While this includes the use of second harmonic crystals with
an increased effective second-order nonlinear optical coefficient deff to maximize the frequency-doubled
photons, new ways of generating the octave-spanning spectrum need to be considered in order to increase
photon numbers at both edges of the extended spectrum, too. The latter can be realized by increasing
the critical power limit Pcrit relative to the commonly employed sapphire. Then, the spectral density is
increased over the whole octave-spanning spectrum, which, in combination with an optimized second
harmonic leads to a minimization of shot noise. Since the critical power follows Pcrit ∝ λ 2/n0n2, lowering
the nonlinear and linear refractive index at constant wavelength enables to maximize the critical power
and hence the possible fluence at either edge of the SC [24, 52]. The relationship of n2 and Pcrit is shown
for various materials in Fig. 3.2.
While gases allow a critical power of several tenth of gigawatts, condensed media typically have
a thousand times higher nonlinearity n2 that limits the maximum Pcrit to only a couple of MW [52,
184]. When the critical power is surpassed, the filament is limited by the clamping intensity Icl from
equation 1.25 and further spectral extension is inhibited. Increasing the incident power even further
leads to modulation instability that ultimately leads to the opening of new filaments to avoid catastrophic
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Figure 3.3: Product of nonlinear and linear refractive index n2 and n0, respectively, as a function of the respective
band gap Egap in a) or as a function of the ionization potential Uion in b). In the former the expected E−4gap dependence
can be seen.
damage, also referred to as multi-filamentation. As each filament accumulates its own nonlinear phase,
an interference pattern emerges that renders the SCG unsuitable for further application in terms of CEP
detection. Therefore, within this thesis, only single filaments are considered.
Brodeur et al. [51] showed that the nonlinear refractive index n2 relates to the band gap Egap of the
medium and thereby determines its SCG properties, too. As can be seen in Fig. 3.3 a) for solids, the
nonlinear refractive index decreases with increasing band gap, i.e., with n2 ∝ E−4gap/n0. A similar picture
emerges when plotting n0 n2 against the ionization potential of gases as shown in Fig. 3.3 b). This
relationship has consequences for the supercontinuum process, too. For example, the spectral extent to
the anti-Stokes side and additionally, the onset of filamentation shows a clear correlation to the mediums
band gap Egap [51]. For pulses with a central wavelength of 800 nm, a minimum band gap of Ethgap ≈
4.7 eV is required. As this corresponds to three-photon ionization, the filamentation threshold can be
explained by the need to balance n2I by plasma generation that is typically achieved by multi-photon
ionization for ultra-short pulses. At small band gaps below Ethgap, the rate at which electrons are freed
by either one or two photon absorption is high and reaches quickly the needed 1018 cm-3 electrons to
cancel self-focusing, inhibiting the formation of a filament. In this case, no spectral extension is seen as
the formation of an optical shock is inhibited due to the early onset of plasma generation. Furthermore,
the spectral extension dependence on the band gap is actually contradicting the expected increase of the
anti-Stokes extension with increasing n2 from pure SPM theory presented in Eqn. 1.27. This may also
be explained by considering the process of optical shock formation, i.e., self-focusing and its opponent
plasma generation. With increasing band gap the plasma generation is delayed, which leads to increased
propagation prior defocussing takes place. This results in an enlarged phase jump at the pulse peak, which
then leads to an extension of the supercontinuum towards short wavelengths. The previous discussion
of physical limitations seen experimentally is not only limited to solids. Gases and liquids have been
employed as SC media, too, where similar physical constraints are seen. However, mostly solids have
been observed to feature broad and smooth spectral densities as well as high stability [185, 186]. Their
application within amplifier CEP stabilization schemes is therefore straight-forward.
After emphasizing the importance of physical limitations and relations to the band gap of the medium,
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Source Egap/E I (eV) n0 n2 (10-20m2/W) Pcrit (106 W) κ (300 K) (W/mK)
Al2O3 9.9 1.8 3.1 1.8 46
Fused silica 9 1.45 2.4 2 1.4
BaF2 9.1 1.47 1.91 3.3 12
YAG 6.5 1.82 6.2 1.8 13.4
MgF2 10.8 1.38 0.67 (532 nm) 19 21-30
CaF2 10 1.43 1.05 6.2 9.7
LiF 13.6 1.39 0.81 7.5 14
β -BBO 6.2 1.66 5.2 1.1 1.2
Xe (1 bar) 12.12 ≈ 1 0.0055 1750 0.00548
Xe (8 bar) 12.12 ≈ 1 0.044 220 0.0058
Ar (1 bar) 15.76 ≈ 1 0.001 9600 0.0179
l-N2 15.58 ≈ 1 0.0021 4500 <0.0094 (<100 K)
H2O 6.9 1.33 5.7 1.2 ∼0.6
Table 3.1: Properties of various sources, including the band gap or the ionization energy, n0 and n2 at 800 nm
central wavelength if not otherwise stated, the critical power Pcrit and thermal conductivity κ . [24, 40, 52, 187,
188, 189, 190, 191, 192, 193]
the optimum choice for increasing Pcrit and hence maximization of spectral densities over the whole oc-
tave can be discussed. Fluorides, in particular LiF and CaF2 are media with the largest band gap found
among solids and are therefore prime candidates for high-fluence SCG. However, as strong powers are
required damages and thermal effects can play a role and hence, a high thermal conductivity is addition-
ally needed. This limits the application of fluorides since they only have a third or quarter of the thermal
conductivity provided by sapphire. The latter, Al2O3 exhibits a low n2 and a high thermal conductivity,
which renders it an optimal choice. Table 3.1 provides an overview of possible materials and their prop-
erties for seeded spectral extension of at least one octave initiated from 800 nm. While YAG has also
been employed, its twofold nonlinearity compared to sapphire reduces its spectral extension into the UV.
Additionally, a lower thermal conductivity may introduce further drawbacks. Gases are also of interest
despite potential limitations caused by strong pulse-to-pulse fluctuations. As can be seen in Fig. 3.2
a big gap between solids and gaseous media exists when moving from lower to higher critical powers.
That gap can be bridged by increasing the pressure of the gas. This is enabled by the fact that the linear
and nonlinear refractive index scale with the density, which results in a critical power increase with in-
creasing pressure [194, 195]. To this end, suitable critical powers can be obtained that lie in between the
mega- and gigawatt range. Besides the spectral extent and strength of the generated SC, also shot-to-shot
stability, coherence and polarization preservation are important aspects to consider when choosing a SC
medium. These properties have been especially well maintained in solids.
Before looking into potential new sources with previously discussed properties, a literature overview
on used supercontinuum sources in the context of CEP measurement and stabilization is given.
3.2.2 Supercontinuum Generation in the Context of CEP Detection
Supercontinuum generation within CEP detection schemes has been carried out in various media, in-
cluding sophisticated wave-guiding structures such as photonic crystal fibers where enhanced modal
confinement leads to increased nonlinearity and additionally allows an improved tuning of the SC prop-
erties [196, 197]. These fibers are easily damaged by high input powers and are therefore restricted to the
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use for oscillator pulses as a means of effective spectral broadening under low light conditions [198]. In
this regard, they have been used within the first f -2 f interferometer schemes [110] and after optimization
have enabled sub-10 as timing jitter stabilities of the CEP [12].
However, for low-repetition rate high peak power amplifiers, fibers with a greater core size have to
be used in order to avoid damage. For the first implementation of spectral interferometry, a 70 cm long,
530 µm inner-diameter fused silica hollow-core fiber in a krypton gas filled cell at 3.5 bar was employed
[95]. With 1 mJ and 65 fs long pulses, a spectrum ranging from 400 nm up to above 1000 nm was seen
and used to stabilize the amplifier [95, 199]. An earlier approach by Mehendale et al. [102] where a
similar hollow fiber was employed resulted in a spectrum that extended to about 200 nm FWHM width
and subsequently, the second and third harmonic was generated by frequency-doubling in a 10 µm thick
BBO and by near surface harmonic generation from Si(001). Despite of the early success of hollow
fibers, the focus has shifted to bulk media due to their relatively high damage threshold, stable spectral
density and polarization properties. Within spectral interferometry, the most commonly employed crystal
nowadays is sapphire, which constitutes the reference in this analysis. First employed by Baltuska et
al. [5], sapphire conveniently introduces additional group delay between either edge of the SC, which
enables proper resolution of the fringes. In the context of CEP stabilization of OPCPA systems various
crystals for SCG have been used to allow the generation of the signal and the pump from the same
source, while obtaining a constant CEP within the idler as a result of difference-frequency generation in
a χ(2) crystal. In this regard, YAG, CaF2 and BaF2 [200] have been employed, the latter two typically
in a moving arrangement. In general, these schemes require no octave-spanning spectrum, which makes
a comparison with spectral interferometry only partly meaningful. Therefore, employed sources for
SCG are as of now limited and new approaches need to be explored for the particular requirements of
the employed Ti:sapphire-based CPA laser system in this thesis, which is introduced in the upcoming
section.
3.2.3 Experimental Conditions
A Ti:sapphire-based oscillator is used as the front-end of the CPA scheme that delivers 10 fs short pulses
at an repetition rate of 84.4 MHz with an average power of 510 mW. About two-thirds of this power
are further used for subsequent amplification. The measurement of the oscillator CEP utilizes roughly
150 mW in a quasi-common path f -2 f arrangement, which enables octave-spanning spectrum generation
in a 1 cm long PCF. Subsequent second-harmonic generation in a PPLN renders the measurement process
highly efficient, allowing signal-to-noise ratios of up to 60 dB [119].
At these strong beat notes, shot noise-induced CEP jitters are small according to previously presented
numerical simulations in 1.5.3. The heterodyning of both, the second harmonic and fundamental on
a photodiode results in an amplitude modulation that is further locked to a quarter of the repetition
rate (21.1 MHz) within the locking electronics (Menlo Systems XPS 800). The electronics consist of
a frequency divider, phase detector and a PID controller that enable the generation of an error signal.
Subsequently, the error signal is used to control the acoustic wave within an AOM. Hence, the pump
passing through the AOM is modulated in intensity, which leads to control over the power inside the
Ti:sapphire crystal. This adjusts, among other processes, the intra-cavity dispersion. The feedback
approach with roughly 100 kHz bandwidth achieves a measured CEP stability of below 100 mrad, while
best reported values reach even down to 70 mrad [12].
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Figure 3.4: a) Interferometric autocorrelation of an optimized pulse. The measurement has been averaged over 5
shots and has been evaluated under the assumption of a Gaussian profile. A pulse duration of 35 fs is measured.
Slight asymmetric measurement is caused by clipping and alignment mismatch. b) shows the electronic and optical
laser setup. The Fast loop and the slow loop are shown with abbreviations of the acousto-optical modulator (AOM),
the photo diode (PD), the proportional-integral-derivative controller (PID), the photomultiplier tubes (PMT) as well
as the CCD detector.
The beam to be amplified is extensively stretched in a bulk stretcher. Additional chirp control is
enabled by propagation through an acousto-optic programmable dispersive filter (AOPDF). The timing
of the AOPDF is optimized to reduce additional timing jitter to below 100 ps. Transients are further
amplified by the first four stages of a multi-pass amplifier prior to pulse picking in a conventional Pockels
cell. At this point, the final repetition rate of the amplifier is set to 3168 Hz. When stabilizing the CEP,
e.g., to a quarter of the oscillators repetition rate, the pulses need to be selected by the Pockels cell such
that they are separated by a multiple of four to ensure the removal of the linear evolution from pulse-
to-pulse. After amplification of the pulse during propagation through the Ti:sapphire gain medium for
another five times, the pulse is subsequently compressed in a bulk prism compressor. This enables pulses
of 800 µJ with 35 fs duration, which was measured using interferometric autocorrelation as is shown in
Figure 3.4 a).
While the fast loop stabilizes the CEP of the oscillator, slow drifts caused by, e.g., environmental
disturbances such as air pressure changes, humidity and temperature fluctuations that occur within the
amplifier need to be additionally compensated. To this end, fast f -2 f interferometry is carried out, while
the details of the detection schemes in terms of SC media and SH are discussed in section 3.2.6. Hence,
after supercontinuum generation and frequency-doubling, one fringe is selected at the back-end of a
spectrometer and split in half upon incident on a metallic prism front edge. Subsequently, each half is
detected by a photomultiplier tube (PMT), which enables efficiencies of up to 30 % in the bluish region.
Each PMT signal is isolated using a triggered Boxcar and subsequently mixed. Low-pass filtering and
appropriate amplification in a PID renders the error signal suitable for offsetting the oscillators CEP
error in the servo unit (Menlo Box). In this manner, results were presented by Koke et al. that achieved
a residual CEP jitter of 210 mrad on a single-shot basis [16].
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Figure 3.5: Measured spectra of employed supercontinuum sources. While sapphire and CaF2 show a deep
extension into the IR, the continuum generated by xenon and the thin plates arrangement only reaches down to
about 900 nm and 1000 nm, respectively. On the anti-Stokes side, while sapphire reaches only down to 450 nm,
calcium fluoride shows promising extension far deeper into the UV below 350 nm. Xenon and the thin plate
arrangement reach down to 360 nm as well as 450 nm, respectively, while the latter shows surface SH generation
of the seed at around 400 nm.
3.2.4 Employed Supercontinuum Sources
After motivating the need and approaches to minimize shot noise influence during detection to a negli-
gible extent, four different supercontinuum sources are selected. These, with exception of the reference
sapphire and most certainly CaF2, have to the best of the authors knowledge not been employed in the
context of CEP detection in spectral interferometry. While LiF would be the perfect candidate with the
highest possible critical power, the formation of color centers typically renders the generated contin-
uum unstable. Despite recent results [201] that indicate possible long-term operation, SC from LiF was
not observed to be stable under the conditions present in this work. Within minutes, the SC flickered
and vanished. Additionally, similar trends were observed for MgF2 and BaF2. However, CaF2 under
translating or rotating conditions has been seen to be a suitable sources for spectral extension, which is
further explained in the discussion later on. Another approach to SCG in solids was recently introduced
by Lu et al. [202], where thin silica plates are cascadedly arranged such that the beam can recover be-
tween sessions of highly nonlinear interaction, and thereby enables a thousandfold increase in the ratio
of incident to critical power. This source has also been employed and is elucidated below. As has been
discussed earlier, gaseous media offer a two to three orders of magnitude lower nonlinearity compared to
solids with respective higher critical powers. To this end, noble gases are best suited. Within this work
argon and xenon at several atmospheres have been tried. Whereas for argon, no stable conditions for the
resulting conical emission were found in the presented arrangement, xenon at several bar pressure led to
a brightly shining conical emission, which was observed visually.
Sapphire
Sapphire (Al2O3), with its high thermal conductivity and damage threshold, has found widespread ap-
plications as a supercontinuum source for seeding optical parametric amplifiers [20, 203], within pump
SC probe experiments [204, 205, 206] and in spectral interferometry for measuring the CEP. Sapphire
is commonly employed in the latter case in most products and therefore constitutes the reference SCG
69
Chapter 3. Fundamental Limitations in Amplifier CEP Detection
Figure 3.6: Far-field pictures taken from conical emission of chosen white-light sources. a) 2 mm thick sapphire,
b) Arrangement of two 50 µm quartz and seven 100 µm thick fused silica plates, c) Rotating 2 mm thick CaF2
and d), xenon at 8 bar. Here, the divergence of the latter is much smaller compared to the other three sources.
Interestingly, the conical emission of a) and c) show opposing wavelength-dependent divergence.
source in the presented analysis. While most experiments involve rather short focal lengths below 50 mm
[185, 187], here 100 mm is found to achieve better control over the SC with increased stability and the
strongest observed spectral density. As can be seen in Figure 3.5, the spectrum reaches well below
470 nm in the UV and above 1050 nm in the IR with about 1 µJ input energies. Table 3.1 includes rele-
vant properties of the SCG sources that are employed within this study.
Calcium Fluoride
With its band gap of close to 10 eV, calcium fluoride seems to be very suitable for broadband SCG.
However, as with most fluorides, pulses with high peak powers induce irreversible optical damage to
the crystal. To circumvent this, constant rotation or linear motion is required. Besides damage, the
generation of color centers can lead to strong fluctuations of the SC [207]. While linear movement of
CaF2 has been found to depolarize the generated continuum around the pump wavelength and may result
in elliptical light at the edges of the continuum [208], this work further focuses on the rotation of a CaF2
plate. Together with a linearly polarized pump, polarization-dependent threshold energies for SCG have
been found before [209] and observed here. Furthermore, depolarization of the SC caused by nonlinear
anisotropic birefringence (NAB) [210] as well as intensity fluctuations depending on the crystal and
pump polarization orientation have been seen. In the context of measuring the CEP, albeit assuming
perfect coherence, polarization dynamics would drastically deteriorate the visibility of the resulting CEP
fringes if they are present at all. Johnson et al. [209] have shown that a circularly polarized light beam
together with a rotating [001]-cut 2 mm thick calcium fluoride plate can lead to a stable and constant
SC without any long-term degradation of the material. Furthermore, the polarization of the pump is
maintained. Therefore, an increase in photon numbers due to the higher critical power is possible, which
enables to increase the visibility of the CEP-related fringes. In Figure 3.7, the measured fluctuations are
shown over multiple periods of rotation for a 2 mm thick [001]-cut CaF2 plate. After the SCG, a low
pass filter transmitting only wavelengths below 650 nm is used. The fluctuation is measured by focusing
the light slightly behind a biased silicon photodiode, which enables to collect all photons. Here, the
coefficient of variation is employed, which is the standard deviation divided by the mean. Measurements
of the pump without employing a filter show a fluctuation of 2.3 %. The supercontinuum of CaF2 features
an increased variation coefficient with a linearly and circularly polarized pump that results in 11.47 % and
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Figure 3.7: Measured fluctuation of the pump (blue), which is compared to the fluctuations of the supercontinuum
obtained from CaF2. Low-pass filtering at 650 nm is carried out. The seed was either linearly or circularly polarized
and both SC were generated in a rotating plate scenario. a) Fluctuations over 10 seconds and b), one second
detailed view that enables to see fluctuations with roughly 0.4 Hz periodicity at a rotation frequency of 1.6 Hz. The
coefficient of variation CV is given.
4.9 % residual fluctuation over 10 s, respectively. Furthermore, the SC generated by the former clearly
shows intensity modulation with the expected pi/2 periodicity while rotating, which can be explained by
the angular dependence of χ3 [191, 209] and hence the varying critical power. In the presented case, the
s- and p-polarized components that are fluctuating asynchronously due to birefringence have not been
measured separately.
The modulation depth is quite strong but does not reach 100 % as might be expected as a result
of the orientation-dependent critical power. This is caused by the generation of the SC close to the
maximum clamping intensity as a result of a pulse energy of roughly 2.3 µJ. For circularly polarized
light, the periodic fluctuations are almost completely suppressed, while some residual periodicity is
probably caused by the limited conversion bandwidth of the employed quarter waveplate relative to the
incident spectrum. Additionally, the rotational process itself is slightly varying the position of the focus.
For wavelengths above 950 nm, a comparable result is found. In Figure 3.5, the spectrum for CaF2 is
shown that reaches far into the UV well below 400 nm. Additionally, on the infrared side, a spectral
extension comparable to sapphire is found. Relative to the far-reaching spectral density observed into
the IR, below 450 nm, an insufficient number of photons is present. Therefore, the second harmonic
wavelength is chosen within the frequency range centered at 1000 nm.
Xenon
With the two orders of magnitude reduced nonlinearity of gases, they provide a reasonable choice for
high-power supercontinuum generation [184, 194]. To this end, noble gases are commonly employed
within a hollow-core fiber arrangement, especially in the context of pulse compression [211]. In this
way, pulse compression close to the single-cycle regime [138] has been realized. Nevertheless, energy
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Figure 3.8: Sketch of a high-pressure gas cell used as filamentation source.
scaling seems to be an issue in these fibers due to a limited thermal conductivity. Additionally, increasing
the pressure to multiple atmospheres seems troublesome. Therefore, a gas cell is better suited to enable
high pressure up to 10 bar [212]. Filled with xenon due to its higher nonlinearity as compared to, e.g.,
argon, the gap between solids and gases in terms of critical power can be overcome (see 3.2). While argon
at multiple atmospheres was also tried, no stable conical emission was found under similar conditions.
Using xenon at 8 bar in a 20 cm long gas cell as is sketched in Fig. 3.8 has led to a higher spectral density
over the whole supercontinuum. The generation of a stable filament in the gas drastically depends on the
numerical aperture (NA) and the seed power. Three regimes are identified here: before filamentation sets
in, no white light is visible. After the critical power of about 50 mW is reached for a NA of approximately
0.026, SCG by a single filament is clearly visible. Once the power is too high to sustain a single filament,
multi-filamentation takes over. Due to the compactness of the gas cell and its thick windows of about
4 mm width that was necessary to withstand high pressure, only focusing with up to 20 cm focal length
is possible to avoid SCG in the CaF2 window. With the requirement of tight focusing, still a resulting
SC is found as can be seen in Figure 3.6 d). Here, about 50 mW are focused by a 10 cm focal length
lens with a beam diameter of 3 mm. While the divergence of the beam is marginal compared to other
conical emissions seen in this work, the conical emission seems stable to the eye. A closer look at
the spectrum reveals strong fluctuations as can be seen in Figure 3.17 for the high-energy wing below
650 nm. These extreme fluctuations can be explained by temporally-generated local pressure changes
inflicted by the strong beam that can last for over a millisecond [213]. When the laser pulse is forming
a filament, high intensities heat up the gas and can locally lead to a severe drop in density. In case of
air, Cheng et al. [213] showed a drop of the neutral gas number density by over 1.6×1018 cm-3, which
required about 1 ms to relax by thermal diffusion. These gas density depressions lead to a local change of
the refractive index and hence influence the dynamics of the filamentation process. The respective index
drop was shown to be as high as ∆n ≈ 6×10-5, leading to a strong defocussing effect. This effectively
changes the conditions from shot-to-shot, resulting in a strongly varying spectral density and additional
strong noise on the phase. Hence, observing CEP-related fringes has been troublesome, but nevertheless
successful with CCD detection. However, the signal was not suitable to be used as a feedback signal and
hence not successfully stabilized. Nevertheless, despite enabling measurement of the CEP, these index
fluctuations directly couple to the nonlinear phase accumulated in the filament via ∆φnl = 2piλ ∆n, which
strongly induces additional uncertainty on the relationship between the fringe position and the CEP.
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Figure 3.9: Reprinted with permission from [217], OSA, the spatio-temporal a) and spatio-spectral evolution b) is
shown as simulated by solving the generalized nonlinear Schrödinger equation for a 25 fs pulse centered at 790 nm
propagating through air and an arrangement of four 100 µm thick fused silica plates. Evolution inside the plates is
not shown. a) Time evolution relative to moving frame of pulse as a function of propagation distance and the pulse
intensity. b) Normalized spectral density while propagating through the arrangement of plates.
Arrangement of Thin Plates
Introduction and Considerations
Recently, Lu et al.[202] have shown that an arrangement of carefully placed thin fused silica plates
allows the generation of a high-power supercontinuum with a high conversion efficiency and almost no
degradation of the spatial beam quality, phase coherence and polarization properties. As the spectral
extension precedes most other nonlinear effects on the pulse [214, 215], the arrangement of thin plates
enables to minimize or even omit negative side effects occurring in condensed media above the intensity
clamping point. These include the generation of multiple filaments, pulse breakup and finally, optical
breakdown, all of which lead to a strong degradation of the spatio-temporal pulse properties including
coherence. Hence, limiting the medium thickness and enabling the pulse to recover during propagation
in air after highly nonlinear interaction [216], pulse powers and intensities well beyond the critical power
and clamping intensity, respectively, can be exploited for SCG. This allows for a much higher fluence
over the whole spectrum and is promising to reduce shot noise in the context of CEP detection using
spectral interferometry. Three basic criteria are set by Cheng et al. [217] that need to be fulfilled. First,
the incident intensity I0 must not exceed the dielectric breakdown threshold and secondly, the intensity
needs to be strong enough for sufficient broadening but nevertheless avoid excess conical emission and
hence loss of energy. This can also be expressed in terms of the accumulated nonlinear phase φnl during
transmission that should be close to pi . Numerically, the optimum value for the accumulated nonlinear
phase is found to be around 1.5 pi . The third criteria addresses the need of the pulse to self-heal in order
to avoid negative effects. The position of the plates is given by the recovery of the peak intensity to
its initial value I0, which is achieved by the beam divergence and spatio-temporal coupling. Lu et al.
numerically solved the generalized nonlinear Schrödinger equation simplified for forward propagation
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Figure 3.10: a) Thin plate arrangement: two 50 µm thick quartz plates at the front followed by seven 100 µm thick
fused silica plates at Brewster angle.
with radial symmetry [26, 202]. In Figure 3.9, the propagation properties of an incident pulse with 25 fs
at 790 nm central wavelength are shown.
During propagation through the first plate, the pulse is temporally stretched by roughly 11 % and
acquires a nonlinear phase shift of 1.55 pi . After exiting the plate, the pulse experiences self-focusing
that leads to an increase in pulse intensity to more than 100 TW/cm2 at a distance around 1 cm away
from the plate. After further propagation, the pulse recovers to its initial intensity due to diffraction,
where the next plate can be located. While in the first plate symmetrical spectral broadening caused by
SPM is dominant, self-steepening leads to an asymmetric extension into the blue wing already within the
second plate. Eventually, this enables the formation of a plateau within the bluish spectral region after
multiple plates have been passed.
Experimental Approach
Within this work, a combination of two 50 µm thick quartz plates and seven fused silica plates of 100 µm
thickness are used. The implementation of the two quartz plates is necessary to avoid long-term degrada-
tion over several tens of minutes that is found here and is probably caused by poor material quality. The
latter is most certainly a result of an increased number of defects and color centers that lead to a reduced
damage threshold and lower thermal conductivity. Figure 3.10 shows a sketch of the arrangement, which
is similar to the previously presented conditions in theory [217] and experiment [202, 218]. Minimiz-
ing the reflection by using the plates under Brewster angle conditions (55.5 ◦), the effective thickness
increased from 100 µm to roughly 120 µm for the fused silica plates and from 50 µm to about 60 µm in
the case of quartz plates. Pulses with 220 µJ and a spatial beam size of 6.5 mm after an iris are focused
by a concave mirror with R = −5000mm. Here the pulse energy is one-third higher compared to [202],
which is necessary to achieve similar peak powers as the Fourier-transform limited pulses are at least
35 fs long. AOPDF settings were optimized to achieve the broadest and most stable spectrum.
Despite the fact that the incident pulse has a rather asymmetric spatial beam profile, the resulting
conical emission has been optimized to have a homogeneous far field as can be seen in Figure 3.6.
Comparable to Lu et al. [202], peak powers Pp of 5.5 GW with pulses of 35 fs are achieved. These
powers substantially exceed the critical power of fused silica Pcrit ≈ 2 MW [38] with a ratio of Pp/Pcrit ≈
2750. As can be seen in Figure 3.5 (black), the spectrum reaches over one octave and ranges from 450 nm
up to 980 nm on a -20 dB level. Stretching over one octave, this spectrum is suitable for measuring the
CEP. Additionally, a very strong second harmonic component generated at the surface of the thin quartz
plates [219] is visible, which vanished upon removal of the quartz plates. In the next section, suitable
choices for the second harmonic media are discussed.
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SH crystal 800 nm 900 nm 1020 nm Phase-matching
deff walk-off deff walk-off deff walk-off PM
(pm/V) (mrad) (pm/V) (mrad) (pm/V) (mrad)
KTP - - - - 2.53 5.2 type 1
KDP 0.3 29.5 0.28 28.9 0.26 28.2 type 1
LBO at 460 K 0.769 14.7 0.821 10.4 0.851 3.12 non-crit.
β -BBO 2 68 2.01 62.4 2.01 57.3 type 1
BiBO 3.72 59.38 3.47 46.75 3.12 31.7 type 1
Table 3.2: Comparison of conversion efficiency deff, walk-off and phase-matching type of various crystals. Values
are calculated using the SNLO package [220].
3.2.5 Choice of Second Harmonic Media
After introducing the different SC media and their necessary conditions as well as resulting spectral
densities, an appropriate frequency-doubling source needs to be chosen for the application in f -2 f inter-
ferometry.
The purpose of SHG in f -2 f interferometry is to convert the lower frequency wing of an octave-
spanning spectrum to overlap with the higher-frequency part. Then, interference of two frequency combs
offset by the carrier-envelope frequency is possible and results in a beating or formation of fringes. In
order to ensure the highest possible fringe visibility or beat strength, the spectral density range that is
frequency-doubled and the available photon numbers in the high-frequency range within the SC need to
be considered. In contrast to the choice of materials regarding filamentation-based spectral broadening,
an increased nonlinear coefficient is favorable in order to maximize the second harmonic photons. Other
important parameters include the effective nonlinear coefficient deff, optical damage threshold, phase-
matching or acceptance bandwidth, angular acceptance, and walk-off, where the latter three depend
on the birefringence and chromatic dispersion of the crystal. The most common media for frequency-
doubling include KTiOPO4 (KTP), KH2PO4 (KDP) and borates such as LiB3O5 (LBO) and β -BaB2O4
(BBO). Table 3.2 provides an overview on the most common frequency-doubling crystals as well as
BiB3O6 (BiBO), including the effective nonlinearity deff and respective walk-off for the wavelength
range of interest.
Although KTP offers a relatively high nonlinear coefficient, which would make it a very good choice
to increase photon numbers for wavelengths above 1000 nm, it suffers from a rather low optical damage
threshold that limits its usability to weak incident intensities. KDP, on the other hand, features a much
lower nonlinear coefficient, excluding it from the desired application completely. Borates however are
very promising candidates as will be discussed further on.
In the context of amplifier CEP measurement, BBO is the one most widely used due to its high non-
linear coefficient, high optical damage threshold and its readily achieved critical phase-matching at room
temperature. Yet, it is characterized by a relatively strong walk-off. Other common crystals include non-
critically phase-matched lithium triborate (LBO) at 460 K with a strong conversion efficiency at low light
levels [16]. Another regularly employed SH source is periodic-poled magnesium-oxide doped lithium
niobate (MgO:PPLN or PPLN) [221], which enables the optimization of the conversion range by precise
tuning of the poling period and the operation temperature. Although the latter crystal has a desirable high
optical damage threshold, it nevertheless has only a small acceptance bandwidth ∆λ of roughly 0.5 nm.
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SH crystal Temp. (K) λ SH (nm) ∆λ (nm/length) l (mm) deff (pm/V) PM
LBO 460 1020 6 10 0.85 non-crit.
BBO 300 1020 18 2 2.0 type 1
BiBO 300 1020 8.7 2 3.1 type 1
PPLN 450 1020 0.5 0.45 16.0 QPM
Table 3.3: Direct comparison of the most common second harmonic crystals that includes their acceptance band-
width ∆λ . Values are calculated using the SNLO package [220].
This renders PPLN not suitable in the context of spectral interferometry as it is virtually impossible to
resolve spectral fringes to a proper extent in the employed spectrometer. An overview on common SH
crystals is given in Tab. 3.3. In earlier published results by Koke et al. [16] a LBO was employed as
a second harmonic source. While walk-off effects can be largely minimized, the required heating to
around 460 Kelvin renders the SC source rather unfavorable for commercial application. Additionally,
frequency-doubling at lower wavelengths requires heating to even higher temperatures. Furthermore, the
rather low conversion efficiency deff of below 1 pm/V also limits its application to maximize photon
numbers.
In order to maximize the photon numbers at the end of the involved nonlinear processes, the spec-
trum of the supercontinuum source needs to be considered when choosing the second harmonic crys-
tal. As can be seen in Figure 3.5, sapphire and CaF2 are reaching far into the IR, allowing frequency-
doubling at around 1020 nm, while the thin plates and xenon at 8 bar require a shorter wavelength range
to be frequency-doubled, which is around 960 nm and 880 nm, respectively. Focusing the discussion on
1020 nm, where most borates such as BBO or BiBO [222] can be easily critically phase-matched at room
temperature, reliable and strong second-harmonic generation can be possible [223]. Thicknesses of 2 mm
are commonly used for SH generation with acceptance bandwidths of at least 10 nm, which enables to
resolve several fringes properly. In the CaF2 setup a 2 mm thick BiBO is used for frequency-doubling at
1020 nm, which has a 1.5 times increased nonlinear coefficient compared to BBO [222]. Additionally,
this crystal features a relatively large spectral acceptance bandwidth, a reduction of the spatial walk-off
compared to BBO by a factor of two and additionally, a low temporal walk-off [224, 225]. Hence, it
provides nearly perfect conditions for frequency-doubling in spectral interferometry. To conclude, criti-
cally phase-matched borates are employed, where walk-off effects are found to be tolerable. While in the
sapphire-based detection setup a BBO with a thickness of 2 mm is used, the higher peak powers avail-
able in the xenon and the thin plates arrangement require a much thinner BBO of only 0.5 mm thickness.
Especially in the latter case, the increase in acceptance bandwidth due to the thickness reduction enables
the formation of fringes.
3.2.6 Experimental Design
The different conditions essential for optimized SCG of the presented sources in section 3.2.4 make
it necessary to adapt also the interferometer design to their requirements. To this end, four different
optical detection schemes are presented in Figure 3.11, where the SH is chosen as elucidated before
according to the varying asymmetry of the respective SC spectra. The first setup is the most commonly
implemented scheme. It includes sapphire as a white-light source and BBO for frequency-doubling in a
type 1 configuration. This requires subsequent projection of the s- and p-polarized components on the
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Source Thickness (mm) Focus (mm) SH SH thickness (mm)
Sapphire 2 100 BBO 2
Xenon 1.6 × 8 bar 150 BBO 0.5
Thin Plates 7 × 0.1 f.silica+2 × 0.05 quartz 2500 BBO 0.5
CaF2 (rot.) 2 100 BiBO 2
Table 3.4: Experimental conditions of SCG sources employed for CEP measurement and stabilization. Thickness
of xenon is given by the product of Rayleigh length times the pressure.
same plane by employing a polarizer. The common-path interferometer enables to avoid noise pickup as
would be present in an unshared beam path configuration comparable to noise reduction found in f -2 f
interferometry [140]. The fringe spacing can be controlled by adjusting the group delay between the
bluish and infrared by inserting additional dispersion prior frequency-doubling. For all four schemes,
the interference of the second harmonic and the fundamental is resolved in a half-meter spectrograph
with a grating exhibiting a 500 nm blaze wavelength. Focusing conditions, employed thicknesses and
further parameters can be found in table 3.4 for all setups.
The interferometer design for the CaF2 plate-based detection scheme is shown in Figure 3.11 b).
Although quite similar to the common sapphire plate arrangement, it includes additional polarization
management, which is required due to the rotation of the CaF2 plate to avoid damage and achieve reliable
SC output. To this end, two quarter waveplates are employed. While the first one is situated prior to SCG,
back-conversion from circularly to linear polarized light is carried out after SHG to minimize stray light
in the spectrometer. With the higher nonlinearity compared to BBO, BiBO [222] is found to perform
better under circular polarization conditions.
In order to allow a strong power increase from around 3 and 10 mW in the case of sapphire and
CaF2, respectively, to several tens and even hundreds of milliwatts, a change in the interferometer design
is necessary. While sapphire and CaF2 are used in a common-path configuration, a Mach-Zehnder design
is better suited for high powers to avoid damage of the second harmonic crystal from the unconverted
spectral part around the seed at 790 nm. Further, as the remaining octave-spanning spectrum can be very
strong, higher-order effects such as SPM and four-wave mixing as well as optical damage within the SH
crystal may occur. To avoid this, a high-pass filter arrangement is used. After supercontinuum generation
in either the thin plates setup as explained in section 3.2.4 or in a gas cell filled with xenon at 8 bar the
spectrum is separated at 900 nm in the former and 850 nm in the latter case. With the longer wavelength
range further focused in a BBO of 0.5 mm thickness, the remaining seed around 790 nm together with
the spectral extension into the UV is propagating through a delay stage and is subsequently separated by
a high-pass filter in the residual pump beam above 600 nm and the blue wing of the SC. Then, the latter
is reunited with the frequency-doubled part by a 50/50 beam splitter. After matching the polarization of
the second harmonic and the fundamental using a polarizer, fringes are resolved in the spectrometer.
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Figure 3.11: Employed f -2 f interferometer arrangements. a) Reference sapphire/BBO setup, b) CaF2/BiBO
setup, which includes one quarter waveplate prior SCG and a second one after the SH step. c) Thin plates arrange-
ment consisting of two quartz (50 µm) and seven fused silica plates (100 µm). d) Xenon gas cell arrangement.
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Figure 3.12: Spectral isolation via bandpass filtering (525±25 nm) for sapphire and CaF2 and by a prism-based
arrangement for xenon and the thin plates arrangement.
3.3 Optimized CEP Detection
Earlier established combinations of SCG medium and SH crystal are experimentally realized in order to
first measure the available photon numbers and subsequently, estimate the residual CEP noise originating
from shot noise. Then, the CEP of the oscillator is stabilized and the presented f -2 f detection designs
are separately used to additionally stabilize the amplifier. Finally, the performance of the amplifier loop
is discussed, including the resulting fringe visibility.
3.3.1 Shot Noise-Induced Residual CEP Jitter
In this part the shot noise-induced contribution to the residual phase jitter of the amplifier is estimated by
measuring the available photons in the spectral regions of interest. Then, these numbers are compared
to the numerically obtained values. Table 3.5 gives an overview of the measured photon numbers for
each SC source and subsequent SH process, which have been corrected for the efficiency of the diode.
In order to maximize the fringe contrast by increasing photon numbers and hence the precision to mea-
sure the CEP, the spectra of the supercontinuum sources as shown in Figure 3.5 are analyzed for the
strongest spectral density, for both, the IR and the respective second harmonic region. The obtained
regions of interest as well as the central wavelength λc are given in table 3.5. Furthermore, the selected
spectral regions are shown in Figure 3.12. For sapphire and rotating CaF2 as well as their respective
second harmonic sources the isolation of the spectral bandwidth was carried out with a simple bandpass
filter centered at 510 nm. Hence, the second-harmonic generation of both setups is carried out at around
1020 nm, which leads to 510 nm. In the case of the xenon and the thin plates arrangement, the actual
photon numbers are measured by using a prism-based approach. The prism spectrally resolves the dif-
ferent components of the SC as well as the SH and subsequently, only a small region is incident on a
diode, while the rest is blocked. In this way, the overlap of the SH and the fundamental spectral content
is achieved, which allows to measure their respective photon numbers.
While the second harmonic of both, CaF2 and sapphire agree well in spectral shape, the actual photon
count resulted in a ten times increase in favor of the former. This strong gain in second harmonic photons
compared to the reference setup relying on sapphire and BBO is most certainly due to the higher available
fluence at 1020 nm as a result of the increase in overall supercontinuum fluence with the higher critical
power of CaF2. Additionally, the increase can be attributed to the 1.5 times larger nonlinearity of BiBO
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Source λc (nm) Filtering SCG(×106) SH(×106) one fringe (×106)
Sapphire & BBO 510 510 ± 25 nm 700 300 5
Xe (8 bar) & BBO 437 Prism-based 180 8.800 -
Thin Plates & BBO 475 Prism-based 15.000 9.400 26
CaF2 & BiBO 510 510 ± 25 nm 12.000 4.600 100
Table 3.5: Measured photon numbers per pulse in the employed schemes around their respective region with center
wavelength λc for the supercontinuum, second harmonic and one selected interference fringe.
compared to BBO. Hence, these advantages also translate to an increase of the detectable single fringe
photons. Despite the fact that the thin plates arrangement leads to a comparable number of photons
relative to CaF2 and a twice as high SH photon count, the actual fringe contrast is degraded. This is most
certainly a result of beam spot degradation, which deteriorates spatial and temporal overlap. Beam spot
degradation is probably caused by the additional optics that are necessary to handle high peak powers.
These include a beam splitter and two high-pass filters.
Figure 3.13 provides the shot noise-induced CEP jitter for the traditional digital FFT-based phase
extraction algorithm commonly applied in spectral interferometry, where multiple fringes are detected
by a CCD camera. The expected pi/√N behavior of the shot noise-inflicted CEP jitter within the em-
ployed all-analog fast f -2 f interferometer is given. Furthermore, single fringe photon numbers for the
newly presented schemes and their respective shot noise-induced CEP jitters are provided. In earlier
results obtained by Koke et al. [16] that employed sapphire in combination with LBO for generating
the supercontinuum and the second harmonic, respectively, an estimated 32.000 photons [16] within a
1 nm wide fringe were detected that readily translate to roughly pi/√32.000 ≈ 20 mrad for the shot noise-
induced residual CEP jitter. Nevertheless, this estimation does not include imperfect interference and
unbalanced photon numbers of the second harmonic and fundamental. Therefore, the shot noise contri-
bution is expected to be even higher. Additionally, at such low photon numbers, electric contributions
during detection may further increase the single-shot jitter. Koke et al. [16] estimated the spurious noise
contribution to be approximately 40 mrad in this fast f -2 f interferometer scheme.
With the reference setup based on sapphire and BBO, however, the measurement of a single fringe
results in 5×106 photons, which is an increase of about two orders of magnitude in photons as compared
to 32.000 photons earlier presented by Koke et al. Hence, a reduced shot noise-induced CEP jitter within
the lower single digit milliradian is expected. For the thin plates and CaF2 the shot noise influence
can be estimated to reach even below 1 mrad. While the presented photon numbers do not account for
the earlier mentioned fringe contrast degradation effects due to polarization mismatch and coherence
loss, this strong increase in photon numbers nevertheless reduces the influence of shot noise and electric
contributions to a negligible extent. Therefore, the influence of shot noise on the CEP detection should
be small and an improved overall CEP stability performance can be expected.
To summarize, the shot noise and related contributions such as the effect of asymmetric f and 2 f
photon numbers are minimized to the possible extent by increasing photon numbers well above one
order of magnitude compared to earlier presented results. Therefore, a strongly reduced shot-to-shot
jitter to about 160 mrad can be expected. The phase noise density and hence the integrated phase noise
are both expected to be only weakly affected by shot noise. Additionally, in a second step, noise features
previously hidden are expected to be revealed, which enables a subsequent minimization of the overall
shot-to-shot jitter. By making use of this two-step approach, sub-100 mrad jitters within the range of the
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Figure 3.13: Expected shot noise-induced CEP jitter in mrad, for the fast f -2 f interferometer approximately
scaling with pi/√N (grey dashed dashed) and the numerical simulation of CCD-based detection (orange dashed
line). While Koke et al. estimated the detection of 32.000 photons by the PMT’s at the back-end of the fast
f -2 f interferometer, here an increase to roughly 5 × 106 is found that leads to a shot noise-induced CEP jitter of
only a couple mrad. In the case of the thin plates arrangement and CaF2, the residual jitter is estimated to below
1 mrad. In all cases, the efficiency of the PMT’s of roughly 30 % is taken into account. Additionally, imperfect
interference and asymmetric photon numbers between second harmonic and fundamental may further reduce the
fringe visibility and hence increase the detection uncertainty.
oscillator performance should be within reach.
3.3.2 CEP Measurement and Stabilization
Employing the spectral interferometry designs presented in section 3.2.4 with a feedback CEP stabi-
lization as explained in part 3.2.3, the CEP is measured and subsequently controlled. With the given
capabilities of the detection scheme, single-shot evolution of the CEP is resolved, while subsequent low-
pass filtering with a 1 kHz filter is required when used for stabilization. Low-pass filtering was necessary
to avoid switching artifacts of the boxcars and hence a deterioration of the CEP stability. The measured
and 1 kHz filtered signal of the reference scheme that relies on sapphire and BBO is shown in Fig. 3.14
a), where an jitter of 109 mrad over more than 200 s is achieved. Assuming a Gaussian error distribution,
the actual jitter requires a multiplication by the square root of 3.168, which results in 195 mrad. When
analyzing the signal in the Fourier domain, a corrected integrated phase noise (IPN) of 185 mrad is mea-
sured, which is below the earlier presented 210 mrad [16]. The difference can be attributed to the increase
in photon numbers. The histograms in Figure 3.14 show a close to Gaussian error distribution that allows
the earlier argued single-shot correction. The Gaussian error distribution can be a result of residual shot
noise influence or any other white noise source. Another possibility is that it stems from pump-power
fluctuations as was indicated by [182]. Nevertheless, provided that it is not of technical origin, which
would increase the correction factor further, the above assumption is expected to be valid. Interestingly,
compared to Koke et al., only a small improvement could be seen in the performance of the stabiliza-
tion scheme, despite a two orders of magnitude increase in detected photon numbers. Compared to the
stabilization with the reference, CaF2 in combination with BiBO shows a similar performance, where a
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corrected IPN of 190 mrad is measured. As can be seen in Figure 3.14 b) multiple single-shot excursions
in combination with the need to rotate the CaF2 plate most certainly have deteriorated the effectiveness
of the CEP detection and hence stabilization. This resulted in a slightly non-Gaussian error distribution,
which makes it necessary to interpret the corrected IPN of CaF2 with caution. Nevertheless, the effect of
the rotational movement seems to have a rather weak influence on the performance, as can be seen from
the practically invisible contribution within the integrated phase noise in Figure 3.15 at around 6-7 Hz.
Despite the strong increase in photon numbers compared to the reference, no severe improvement in the
performance of the stabilization scheme could be seen and a white noise floor is observed, while most
noise is accumulated above 1 kHz.
Utilizing the thin plate arrangement to stabilize the CEP results in a higher corrected residual noise,
accumulating to a corrected IPN of 280 mrad over 120 s. This rather large difference in performance
compared to the reference can be of multiple origin, while the unprotected, strongly increased beam
paths as a result of the adapted interferometer designs are one potential origin. The increased beam
paths were necessary to obtain the required focusing conditions. Table 3.6 provides an overview of the
stabilization performance of all employed schemes.
The integrated phase noise shown in Figure 3.15 clearly emphasizes that in all schemes most noise
is accumulated above 1 kHz despite filtering. This indicates the limited performance of the oscillator on
the amplifier stabilization. Furthermore, high-frequency pump fluctuations and additional noise that is
accumulated due to the boxcars and low-pass filtering can explain the high-frequency contributions to the
overall CEP jitter. The phase noise densities of the stabilized amplifier measurements are dominated by
white noise that, according to previous estimate, should not be originating from shot noise. A technical
origin is unlikely too, as this would lead to noise of limited bandwidth. This is in accordance with the
observations seen in the previous section, where white flat frequency noise that is dominating the noise
floor is potentially originating from the detection.
Nevertheless, various contributions by electronics in the frequency range of 50 Hz to 1 kHz are visible
in all schemes that are line harmonics and aliases. Additionally, selective broader acoustics are visible
in all measurements, contributing particularly strong to the IPN at 200 Hz in the thin plates arrangement.
The phase noise density (PND) clearly shows the performance of the combined stabilization of oscillator
and amplifier, where the 1/ f or flicker noise, which is present in all measurement schemes, is strongly
reduced up to roughly 500 Hz or even beyond. The 1/ f noise is also particularly strong when only
the oscillator is stabilized. Furthermore, it is reaching far into the high-frequency region, which also
emphasizes the reduction of white noise that would otherwise cover the 1/ f noise. Nevertheless, the
strong 1/ f noise can be of various origin, but due to the short timescale covered by the measurement
rather points into the direction of a coupling mechanism within the laser. Furthermore, the periodic
opening of the water valves in the cooling circuit at roughly 0.4 Hz can be seen in all measurement
schemes. Especially in the Mach-Zehnder configuration that was used for the thin plates arrangement,
angular walk-off and spectral modulation of the SC impeded to make use of the full second harmonic
bandwidth during detection. Then, maximizing the photons within the fringes by reducing their numbers
to a few is not always possible.
Overall, substantially increasing photon numbers and minimizing related influences on the CEP such
as shot noise during detection enabled a performance improvement in the reference measurement based
on sapphire/BBO. Nevertheless, the obtained results for the other detection schemes are at best compara-
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Source rms (mrad) corr. rms (mrad) corr. IPN (mrad) length (s)
Sapphire & BBO 109 195 185 250
CaF2 & BiBO 113 201 190 270
Thin Plates & BBO 150 270 280 120
Table 3.6: Measured and corrected stabilization performance of all three fast f -2 f interferometer designs with dif-
ferent combinations of SCG and SH. The single-shot equivalent or corrected noise can be estimated for dominating
Gaussian error distribution by multiplication with
√
3.17≈ 1.8.
ble in performance. This is in contradiction to the expectations. Furthermore, the measurements are still
dominated by white noise that shows dominating contributions above 1 kHz. Isolating single contributors
to the overall residual single-shot jitters was therefore not directly possible. Additionally, performance-
related fringe contrasts and strong shot-to-shot fluctuations of the supercontinuum are observed. Hence,
further analysis into the latter two observations is conducted in order to investigate the constraints that
hinder sub-100 mrad CEP stability on a shot-to-shot basis.
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Figure 3.14: Residual CEP jitter obtained from the difference voltage signal, which is then filtered by a 1 kHz
low-pass. Additionally, the normalized CEP error spread is compared to a Gaussian distribution (red). In a), the
reference setup employing sapphire and BBO, in b), a combination of CaF2 and BiBO and, in c), the thin plates
arrangement with a 0.5 mm BBO is shown. The root-mean-square of the time series is given.
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Figure 3.15: Phase noise density (PND) of the stabilized oscillator only (orange) and combined with amplifier
stabilization (blue). Furthermore, the integrated phase noise (IPN) (black) of the 1 kHz low-pass filtered CEP is
given. The measurements in a) for sapphire/BBO, in b) for CaF2/BiBO and c), for the thin plates arrangement
combined with a thin BBO are shown.
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3.3.3 Fringe Visibility and Fluctuation of the Supercontinuum
In order to understand the observed performance limitation in more detail, the fringes were resolved
over 2000 shots by using a CCD camera. Employing Fourier filtering, the modulation sideband and the
background were extracted and subsequently deducted from each other, which resulted in the absolute
fringe strength. Additionally, the standard deviation for each pixel is calculated. Finally, the normalized
fringe contrast is obtained by taking the ratio of the absolute fringe strength to the standard deviation as































Figure 3.16: Normalized fringe contrast at the back-end of the detection scheme. 2.000 shots have been measured
for all four SC sources and their respective second harmonic. The absolute values were obtained by Fourier
filtering, which removed the background. Subsequently, the standard deviation at each pixel was calculated and
the ratio of both is taken.
The normalized fringe contrast agrees well with the measured performance of the CEP stabilization
schemes and indicates a potential correlation. While sapphire and calcium fluoride show a comparable
contrast, the thin plates arrangement provides similar results only within a small wavelength range, where
the spectral overlap is strong and fluctuations are small. Fringes from xenon, however, clearly show
the expected weak normalized contrast over the whole frequency-doubling bandwidth. One possible
explanation for the reduced normalized fringe contrast is found if the pulse-to-pulse variations of the SC
sources are analyzed. The incident seed from the amplifier was measured to have a coefficient of variation
of 2.3 % within 10 s. Earlier presented results for the same system showed fluctuations of below 1.8 %
[16]. This discrepancy probably is a result of the aging pump laser. Noise amplification during spectral
broadening is analyzed by measuring the high-frequency edge below 650 nm by introducing a low-pass
filter with cut-off at 650 nm prior measurement by a photodiode. The SC process has led to a reasonable
amplification of spectral density fluctuations for sapphire and CaF2 with 4.6 % and 4.9 %, respectively.
The difference between CaF2 and sapphire most certainly is due to the required rotation of the former,
which can be seen in the Figure 3.17. Furthermore, for the thin plates arrangement fluctuations of 9 %
were measured in this spectral region. The gas cell filled with xenon at 8 bar shows severe fluctuations
exceeding 50 %, which makes it unsuitable for CEP stabilization. This has been explained in section
3.2.4, where this unexpected behavior is concluded to result from the necessary tight focusing required
for using a small, high-pressure gas cell. As the spectral density is not perfectly constant over the entire
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Figure 3.17: Average-corrected 10 s fluctuation of the seed and the employed SCG sources, while for the latter a
SP650 low pass filter with cut-off at 650 nm was used. The coefficients of variation are given in percent.
measurement period in all sources, fluctuations will lead to additional noise as the responsivity of the
detector varies with frequencies. Nevertheless, using a bandpass at 525±25 nm results in comparable
variation coefficients, which indicates the validity of the presented variation coefficients.
The question remains to what extent these power fluctuations lead to additional CEP uncertainty that
is introduced by the measurement process, i.e., the degradation of the fringe contrast as seen in Fig. 3.16.
This is addressed in the next section.
3.3.4 Power Fluctuations and CEP Stability
Noise and fluctuation amplification during SCG has been intensively studied in the realm of SCG in
optical fibers, where a strong, nonlinear amplification of input noise is found to cause drastic shot-to-
shot intensity fluctuations [226, 227] and even inhibit proper compression into the short few-cycle regime
[138]. The nonlinear noise amplification has also been employed to detect faint signals [167, 228, 229].
However, in the context of bulk supercontinuum generation the effect of input noise is still under active
research. Majus et al. [230] have evaluated the rms error of spectral intensity fluctuations of a SC
generated in 3 mm thick sapphire using a 1 kHz Ti:sapphire-based system with 130 fs pulse duration
for 2000 consecutive shots. In Figure 3.18 four regimes are given, ranging from the initial stage A to
the fully saturated regime D. The latter is similar to the region where this work is carried out. Here,
reaching for the broadest spectral extent with the highest spectral density is necessary to minimize shot
noise. With only 0.4 % intensity fluctuation of the seed, Majus et al. see a 1-4 % fluctuation in the SC.
Considering the much higher seed fluctuation found in the experiment here, an averaged value of 4.6 %
compares favorably well.
In literature, several values for energy-to-CEP coupling can be found. For example in a hollow-
core fiber broadening scenario a CEP shift of 128 mrad/1% energy change was measured [231]. In
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Figure 3.18: Adapted with permission from [230], OSA. SC spectral intensity fluctuations for sapphire with an
incident 130 fs long Gaussian pulse measured over 2 s. The corresponding input regimes are given.
sapphire, energy-to-phase coupling was estimated to be 160 mrad/1% change [25]. Another measurement
conducted at 800 nm central wavelength indicated an amplitude-to-phase coupling of around 84 mrad [5].
These values, however, do not fully agree with the measurements conducted here, as they imply at least
200 mrad additional jitter in the most favorable case due to the strong fluctuations present. Furthermore,
these values cannot describe the fringe degradation that is observed in Figure 3.16.
3.3.5 Discussion
While investigations revealed a strong dependence of the CEP stability loop performance on the fringe
contrast, the overall measurement precision may very well be limited. Many authors have indicated
strong incident power fluctuations to CEP coupling in different measurement scenarios [5, 25, 231].
However, these can not completely explain the observed performance limitation of the 185 mrad cor-
rected integrated phase jitter. Other possible sources for fringe contrast degradation need to be consid-
ered. While the interferometer design can lead to strong additional noise due to beam path variations
if unshared paths are large, in most cases, this can be circumvented by using a quasi common- or truly
common-path interferometric designs as has been carried out for the sapphire and CaF2 schemes. This is
not applicable in the case of xenon and the thin plate arrangement, where the peak powers are high and
damage of optics after supercontinuum generation otherwise occurs. However, the interferometer con-
tributions are mainly limited within the lower frequency region and cannot readily explain contributions
accumulating above 1 kHz. Another potentially limiting constraint is the design of the spectrometer. It
is of fundamental importance to minimize aberration in order to obtain clear, undistorted fringes. To this
end, true Czerny-Turner designs are best suited, where disturbances of the wavefronts (astigmatism) can
be partly corrected due to appropriate arrangement of spherical mirrors [232]. This has been realized by
the use of a commercial spectrometer. Additionally, environmental noise sources could be responsible
for performance degradation, too. However, these noise sources would need to show severe contributions
to the integrated phase noise that is not seen in Fig. 3.15 and would depend on the measurement scheme.
Only in the case of the thin plates arrangement a strong contribution is present at 1 kHz, which most
certainly stems from boxcar glitches.
Decreasing fringe contrast in interferometric measurements has been traditionally explained by a
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loss of temporal or spatial coherence. Degrading coherence properties have also been observed during
supercontinuum generation. For example, temporal coherence has been found to be readily diminished
during spectral broadening in fibers [137, 233], where subsequent compressibility of the pulse train has
been limited to well above the bandwidth limit [138]. In general, for filamentation-based broadening
no such effect has been found [234]. Nevertheless, as it is important to differentiate between temporal,
spatial and spectral coherence, while temporal coherence might be unaffected, spectral coherence can
still be degraded. In this sense, the phase relationship within parts of the octave-spanning spectrum
may be compromised and their interference after frequency-doubling deteriorated. This would lead
to additional white noise during detection of the CEP in f -2 f interferometry on a shot-to-shot basis
and could explain the observed high-frequency white noise. Therefore, investigations focusing on the
possible loss of coherence are carried out in the second half of this chapter, where the actual induced
uncertainty during spectral extension in relation to the dominating broadening process under the influence
of energy fluctuations is analyzed.
3.3.6 Concluding Remarks on the Reduction of Shot Noise Influence
in f -2 f Interferometry
It was originally expected that the limited number of available photons at the back-end of the f -2 f inter-
ferometer, especially after the second harmonic step, restricts CEP detection precision. While the pulse
energy after subsequent amplification is much higher as straight out of the oscillator, the usable fraction
for supercontinuum generation is limited by the critical power and finally, optical damage. In order to
lessen this problem, the use of dielectric media for spectral extension with lower effective nonlinearities
thus enabled to increase available photon numbers well beyond one order of magnitude compared to
earlier results. To this end, three novel ways of generating an octave-spanning spectrum were explored,
which included the use of CaF2, a thin plate arrangement as well as a high-pressure xenon cell. Despite
a significant increase in photon numbers, the expected performance increase is not seen and only slightly
reduced jitters are found for the reference scheme relying on sapphire and BBO. This finding indicates
that shot noise can pose a problem in inefficient interferometric setups, where photon loss readily occurs.
However, novel materials that lead to increased spectral densities over the octave-spanning spectrum do
not necessarily improve the situation drastically as they typically come with other drawbacks.
The phase noise density given in Figure 3.15 clearly shows increased 1/ f noise dominating up to high
frequencies in the case of an unstabilized amplifier. This indicates a severe reduction of white detection
noise, namely shot noise. Nevertheless, while the 1/ f noise dominance can be caused by a variety of
processes, it is believed to be rather of technical origin arising within the kHz laser system. From this
observation it seems as if an increase in photon numbers actually spoils the measurement by leading to
an increased coupling of laser noise into CEP noise. Additionally, the suspected coupling mechanism
is further supported by the finding of a reduced fringe contrast at the back-end of the detection scheme.
While the experimental conditions, i.e., the laser source and stabilization loop performance, can be ex-
pected to show comparable output in all measurement schemes and only the detection is changed, the
fringe contrast varied by close to a factor of 3 for the different detection schemes. Traditionally in optics,
a reduction of coherence is quantified by the loss of the fringe contrast within an unbalanced Michelson
interferometer. While in this scenario, coherence is considered for the same wavelengths with a non-zero
delay, f -2 f interferometry involves the interference within an octave-spanning spectrum, where super-
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position of the second harmonic and the fundamental at zero delay is of interest. This is later introduced
as intra-pulse coherence, which fundamentally differs from inter-pulse coherence. The latter is typically
used to assess the compressibility of pulses close to the Fourier limit. To preliminary conclude, increas-
ing the number of photons at the back-end of the detection may further introduce increased coupling
of laser pulse energy fluctuations into CEP noise. Thereby, it may lead to additional 1/ f noise and a
strongly varying fringe contrast. These findings are further illuminated in the upcoming section.
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3.4 Coherence within f -2 f Interferometry
One of the most important properties of laser radiation is the presence of strong coherence that decisively
sets lasers apart from other light sources. The main idea of coherence is to classify the mutual relation
between electric fields, or more precisely the phase relationship within one or multiple electric oscilla-
tions. Here, the discussion is limited to linearly polarized light. Fundamentally, two different approaches
can be made to the concept of coherence. On the one hand, the temporal evolution of multiple waves and
their phase relationship can be compared, which is referred to as temporal coherence and can be exper-
imentally observed, e.g., in a Michelson interferometer. On the other hand, spatial coherence correlates
the phase relationship of two waves of different origin at a specific position. A typical experiment to
observe spatial coherence is Young’s double-slit experiment, where two sources lead to interference at a






where E(r, t) = E0 exp(i[ω(t− r/c)+ϕ(t)]) represents the complex electric field at position r at time
t, with temporal delay ∆t and phase ϕ(t). For delays in the order of the pulse duration, an intra-pulse
coherence function is observed that is identical to an ideal bandwidth-limited pulse shape, which can
be shorter than the real pulse duration. This is a common phenomenon in pulse characterization, where
the measured coherence function has been mistakenly interpreted as the effective pulse shape. Typically
referred to as the coherent artifact, it results in a severe underestimation of the pulse duration [235, 236].
Contrary to intra-pulse coherence, the phase relationship between successive pulses of the same origin is
termed inter-pulse coherence.
This phase relationship can be expressed by the modulus of the complex degree of first-order coher-
ence [137, 237, 238]
|g(1)12 (λ , t1− t2)|=
∣∣∣∣ 〈E˜i(λ , t1)E˜∗j (λ , t2)〉i 6= j[〈|E˜i(λ , t1)|2〉〈|E˜ j(λ , t2)|2〉]1/2
∣∣∣∣, (3.3)
where angular brackets indicate an ensemble average over independently (i 6= j) generated pairs. Eq.
3.3 can be reduced to the case of zero delay t1− t2 = 0 to give the fringe visibility V = V0|g(1)12 | with
V0 = 2(I1I2)1/2/(I1+ I2), where I1 and I2 are the intensities of both interfering components. For example
in Young’s double slit experiment with zero path difference it can range from 0, indicating complete
incoherence, to 1, which refers to perfect coherence and fringe visibility.
Of major importance is also the coherence length lc, which relates to a reduction of the fringe visibil-
ity by 1/e in interferometer experiments. While incandescent light sources only have a micrometer long
coherence length, e.g., single-longitudinal mode HeNe lasers allow a delay of well above several hundred
meters. The coherence length is proportional to the inverse spectral bandwidth of the single modes of
the laser resonator that is limited by Schawlow-Townes noise [128]. This also applies to mode-locked
lasers, where the resulting inter-pulse coherence also inversely correlates with the spectral width of a
phase-locked individual needle of the frequency comb.
As the transfer of coherence properties during spectral extension is of interest, a deeper picture into
earlier investigations into this topic is given in the next section.
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3.4.1 Coherence During Supercontinuum Generation
In the discussion in section 3.3.5 it was suggested that the seen fringe degradation might be a loss of intra-
pulse coherence caused by the SCG process. The effect of spectral broadening on coherence has been
analyzed before. In those investigations filamentation has been found to maintain strong spatial [239] and
temporal coherence [240] of the broadened pulse. Surprisingly, the former is also maintained between
different filaments that are a result of modulation instability. High temporal coherence is also maintained,
which enables compression close to the bandwidth limit [241]. On the contrary, temporal coherence is
found easily diminished in pulses that are spectrally extended within a PCF, which renders subsequent
compression troublesome [138]. Further analysis of the coherence properties were conducted by Bellini
and Hänsch [234], who interfered two supercontinua that were generated in different positions of a CaF2
plate with zero delay. This resulted in stable fringes, which indicates strong inter-pulse coherence. In
this sense, the coherence transfer function of the generated supercontinuum maintains a high degree of
mutual coherence and enables assessment of shot-to-shot phase stability. In contrast to the traditional
experiments carried out by Michelson and Young, this direct transfer of coherence properties during the
highly nonlinear supercontinuum process was not expected, but additionally confirmed in a collinear
generation of time-delayed SC pulses by Corsi et al. [242].
In the context of CEP measurements, however, Equation 3.3 falls short of describing the coherence
evolution of the phase transfer process within f -2 f interferometry. In order to determine this transfer it
is necessary to include the correlation within the spectrum of each individual pulse and the subsequent
frequency-doubling step. Hence, a new coherence transfer function is established in the upcoming sec-
tion, that enables to assess the intra-pulse coherence evolution in f -2 f interferometry. Once the transfer
function is established, the coherence evolution is analyzed as a function of the spectral broadening pro-
cess. It can be expected that a connection between coherence preservation and the mechanisms that rule
spectral extension exists. Then, the effect of coherence degradation during the extraction of the CEP as
well as on the phase relationship of the newly generated frequencies is discussed. The results are put into
perspective to the experiments carried out earlier in this chapter as well as its implications for spectral
broadening in general.
3.4.2 Coherent Phase Transfer in f -2 f Interferometry
The evolution of the phase transfer within f -2 f interferometry is assessed in a general context that
focuses on the dominating spectral broadening mechanism. To this end, a suitable coherence function is
established that describes the phase evolution in f -2 f interferometry by
ΓCEP =
|〈E˜2i (2λ )E˜∗i (λ )〉|
〈|E˜2i (2λ )E˜∗i (λ )|〉
, (3.4)
where E˜2i (2λ ) and E˜i(λ ) represents the electric field of the second harmonic and fundamental, respec-
tively. The coherence function ΓCEP assesses the correlation within the spectrum of the i-th pulse of an
ensemble of pulses. As a subsequent frequency-doubling step is involved in spectral interferometry, the
electric field needs to be squared to fully describe the phase transfer.
The denominator of |ΓCEP| associates with the strength of the figure-of-merit (FOM) [12] in f -2 f
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where E˜fu and E˜sh = deffE2(2·fu) represent the spectral density at the fundamental and second harmonic
wavelength, respectively. Here, deff refers to the SH conversion efficiency. In the previous section 3.2,
the main concern was to increase the FOM, i.e., to maximize the photon count at the back-end of the
detection and either strengthen the beat signal or fringe visibility and hence, minimize the influence of
shot noise.
However, one important aspect of this coherence transfer function Eq. 3.4 is not found in the denom-








= 2ϕ(2λ )i −ϕ(λ )i , (3.6)
where ϕi represents the unwrapped phase of the electric field E˜ within one pulse i formed by the su-
percontinuum at both wavelengths, where a continuous function of ϕi in λ is assumed. As heterodyne
methods do not allow access to the absolute phase, ensemble averaging over equation 3.6 leads to a




that enables to evaluate the effect of noise during the supercontinuum generation on the coherence of the
carrier-envelope phase and the shot-to-shot stability. To this end, Eq. 1.56 relates the additional phase
noise during detection via spectral interferometry to the moving of the fringe and hence the reduced
precision of the CEP detection. The phase transfer description is applied to three different approaches
that describe spectral broadening in various media in the following part.
SPM-dominated Spectral Broadening
SPM-induced spectral broadening is of special relevance in the case of nanojoule oscillator CEP detection
that employs fibers. In order to evaluate the loss of coherence, the accumulation of the nonlinear phase, as
described in section 1.2.1, is numerically simulated by modulating the spectral phase of a 10 fs long pulse
(FWHM). While this leads to a supercontinuum that is symmetric around the pump frequency of 775 nm
as can be seen in Figure 1.2 b), an octave-spanning spectrum is only achieved after strong modulation.
Connecting numerical simulation of self-phase modulation to the phase evolution within the SC reveals
interesting characteristics and is shown in Fig. 3.19 a) and d). While the FOM continuously rises with
increased input energy until a maximum is reached, a further growth in intensity and hence accumulated
nonlinear phase actually reduces the FOM. This indicates that a further increase in intensity might be of
disadvantage under the chosen conditions, which include frequency-doubling from 1064 nm to 532 nm.
In this case, the maximum FOM is reached at 8 rad accumulated nonlinear phase. Amplitude fluctuations
of the generated continuum at the f and 2 f components are provided by the standard deviation of the
FOM (green), which are at a minimum at this point. Furthermore, the found ensemble spread leads to
rather low phase fluctuations of about 50 mrad (see Fig. 3.19 d) ) at the maximum FOM. The SPM-
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Figure 3.19: (a-c) Simulated mean (blue) and standard deviation (green) of the FOM. (d-g) Phase fluctuations in
rad according to Eq. 3.7. While a) and d) show the results for SPM-dominated broadening, b) and e) give the
results of plasma-dominated broadening with a 6th-order coefficient representing sapphire. c) and f) provide the
findings of the Full (2D+1) model for sapphire. Pulse durations and input fluctuations are set to 10 fs and 1%,
respectively.
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dominated broadening process shows spikes in the phase jitter σϕ at some local extrema of the FOM that
can readily amount to over 1 rad.
With increasing pulse width, the need for higher modulation to achieve similar broadening is evi-
dently following equation 1.27 and hence, with increasing pulse length, the FOM actually requires more
and more SPM to achieve similar maxima. This results in a slightly increased phase noise floor with
longer pulse lengths until a pulse duration of roughly 80 fs. From there, the phase noise substantially
drops beginning at low accumulated nonlinear phases. As can be expected for a nonlinear process, in-
tensity seed input fluctuations that readily exceed 1 % introduce much more phase decoherence, where,
e.g., 5 % input fluctuations lead to a noise floor, such as the one indicated as a red dashed line in Figure
3.19, that is about five times higher. Besides the noise floor, seed intensity variations affect the phase
fluctuations, too. For example, while already 0.1 % input intensity fluctuations renders phase coherence
within the single milliradian regime, occasional excursions with increased accumulated nonlinear phase
can exceed 1 rad. Furthermore, when seed intensity fluctuations of about 10 % are present, phase noise
of less than 300 mrad is only achieved for small values of accumulated nonlinear phase. Hence, strong
intensity fluctuations of the input pulses limit the accumulated nonlinear phase window where additional
noise is minimized during CEP detection that employ an SPM-driven spectral extension approach.
Multi-photon Ionization Enhanced Spectral Broadening
The situation changes drastically if multi-photon excitation is considered. Plasma-dominated spectral
broadening holds the optical shock that is caused by the space-time focusing and self-steepening, which
is not taken into consideration here. Close to the peak of the pulse, the abrupt formation of the plasma
effectively lowers the nonlinear refractive index. In combination with self-steepening, this gives rise to
an abrupt change in the phase, resulting in the formation of a pedestal into the bluish region, and hence
strong asymmetric broadening as can be seen in Figure 1.2 a). The Keldysh theory is combined with
the Drude theory [59] as explained in section 1.2.2 to describe the multi-photon ionization dynamics. A
sixth-order absorption coefficient is used, which simulates the need to absorb six photons as is the case
for sapphire. Thus, with the same parameters as for the SPM scenario, the highest FOM is observed
for an accumulated nonlinear phase of roughly 14 rad. As this would imply a CEP jitter of at least pi ,
a better choice of input parameters is rather at a side maximum of the FOM at around 4 rad, where the
phase is found to be fluctuating by about 200 mrad. In sharp contrast to SPM-dominated broadening, the
additional contribution by the plasma leads to a quantitative four times increase in the observed phase
fluctuations. In additional simulations, where the number of needed photons to bridge an increasing band
gap material from four to eleven photons is simulated, a rise of phase uncertainty by increasing the lower
limit noise floor (red dashed line) is seen. A similar behavior to SPM-dominated spectral broadening
emerged when pulse length is considered. For increasing pulse durations the phase jitter grows, while
at pulse durations of around 80 fs the induced phase uncertainty begins for small accumulated nonlinear
phases to almost vanish. Comparable behavior to SPM-dominated broadening is also seen in terms of
input intensity fluctuations, where the phase noise floor is raised with stronger fluctuations. As both,
SPM- and MPI-dominated spectral broadening do not comprehensively describe the SCG process, the
nonlinear envelope equation is used in the upcoming part to verify the found connection.
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Full Unidirectional (2D+1) Model in Sapphire
Each of the earlier presented models focuses on only one dominating mechanism of spectral extension.
Therefore, the analysis is extended to include a full unidirectional (2D+1)-model that employs the non-
linear envelope equation 1.38, which was earlier introduced in section 1.2.3. The analysis was conducted
in collaboration with Dr. Carsten Brée [56] and includes the numerical simulation of SPM, plasma gener-
ation, self-steepening as well as spatial and dispersive effects in a 2 mm thick sapphire plate. The plasma
contribution is implemented via PPT theory. The numerical investigation includes a large ensemble of
input pulses with 1 % fluctuation. The results are presented in Figure 3.19 c) and f). Here, the propa-
gation distance can be directly given instead of the accumulated nonlinear phase. The highest FOM is
found for about 0.7 mm propagation, resulting in the strongest heterodyne signal between 532 nm and
1064 nm. At this point the signal shows strong amplitude fluctuations of roughly 20 % in combination
with phase fluctuations of 150 mrad, which is comparable to pure MPI-dominated spectral broadening.
Deviation from the point, where the FOM is maximized, may readily lead to phase fluctuations that are
double as strong. The comprehensive treatment of the SC process confirms earlier results that an intra-
pulse decoherence effect between the edges of the supercontinuum constrains the achievable precision
of the CEP measurement and hence the overall stabilization.
Coherence Degradation under Experimental Conditions
The limited performance of the stabilization shown in section 3.3 resulted in roughly 185 mrad residual
CEP jitter. Therefore, it is of interest to evaluate the effect of intra-pulse coherence loss under those
experimental conditions. To this end, both extreme cases of spectral broadening mechanisms, namely
SPM-dominated and multi-photon ionization ruled spectral extension are simulated. To obtain the high-
est FOM the pulse is assumed to be slightly positively chirped from its measurement limit of 35 fs to an
estimated 60 fs. Additionally, in order to maximize the FOM, it has been observed before that the critical
power scales quadratically with the chirp [244, 245] and thus, a chirp can also enable increased spectral
density. The chirp has been adapted here by adjusting the acousto-optic programmable dispersive filter
within the amplifier. With the measured incident fluctuation accumulating to 2.3 %, the resulting effect
on the intra-pulse coherence for both cases, MPI-dominated and SPM-dominated spectral broadening in
sapphire can be seen in Figure 3.20 for frequency-doubling from 1020 nm to 510 nm. With only a slightly
accumulated nonlinear phase of several radian, a range between 70 to 200 mrad shot-to-shot phase jitter
for pure SPM and plasma-induced phase fluctuations can be seen, respectively. Hence, shot-to-shot fluc-
tuations that amount up to 200 mrad, as was seen in this work, can be readily explained by a degradation
of the coherence during spectral broadening. Nevertheless, this also shows that despite relatively strong
seed fluctuations of 2.3 %, reasonable results are still possible.
3.4.3 Discussion
The above analysis comprises of three different approaches to describe spectral extension and its impli-
cations for the intra-pulse coherence of the spectrally extended incident pulse. In this sense, introduced
phase uncertainties in the presence of input fluctuations between two spectral densities separated by an
octave and subsequent frequency-doubling have been evaluated. While in the SPM-dominated broaden-
ing case the nonlinear phase modulation is directly proportional to intensity fluctuations, in a plasma-
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Figure 3.20: Simulation of SPM- and plasma-dominated broadening for the experimental conditions used within
this work, where the seed intensity fluctuated by 2.3 %, while the frequency-doubling was carried out from 1020 nm
to 510 nm. Sapphire parameters were used for simulating the multi-photon absorption. a) shows the FOM, while
in b) the induced phase fluctuations are given.
dominated scenario as it is present during filamentation in dielectric media, the process of multi-photon
absorption follows ∝ IK , i.e., it is highly nonlinear, and depends on the number of photons that have
to be absorbed to overcome the band gap. In the latter, the position within the media, where plasma
defocussing stops spatio-temporal shock formation is therefore fluctuating on a pulse-to-pulse basis with
varying seed intensity. These seed fluctuations lead than to an increased ensemble spread σϕ that is
particularly strong for plasma-driven broadening. This idea is also confirmed in the simulation of the
SCG by the nonlinear envelope equation. Hence, the plasma-dominated extension is therefore more in-
fluenced by seed fluctuations as the SPM-dominated broadening. This suggests that media with smaller
band gap seem to be less drastically affected by input fluctuations in general. Then, their critical power is
also minimized and hence, spectral densities are limited, too. Therefore, a trade-off between the highest
achievable FOM and the smallest loss of intra-pulse coherence seems to be required. Nevertheless, as
even the full treatment employing the NEE for sapphire shows, a mixture of both scenarios exists in
reality. This is also confirmed by the SPM and MPI treatment under the experimental conditions present
in this work, where the range in between both scenarios has been found to match the region of residual
jitters.
The loss of intra-pulse coherence could therefore be explained by the supercontinuum process itself
and the onset of filamentation in relation to the optical shock formation. Hence, it should be beneficial
for measuring the CEP to avoid excess plasma-dominated supercontinuum generation. While plasma
generation and filamentation typically go hand in hand with asymmetric broadening, one may conclude
to favor symmetric broadening instead. Nevertheless, at some intensities, especially close to extrema
of the FOM, excessive noise well above 1 rad on a shot-to-shot basis can be seen even for the SPM-
based spectral broadening. A similar trend has been seen by Wang et al. [231], where SPM dominated
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broadening in a hollow-core fiber was observed to introduce a lower dependence of 128 mrad/1% energy
change compared to the results obtained by Li et al. [25] with 160 mrad/1% energy change, the latter
measured for plasma-dominated filamentation in sapphire.
Interestingly, as inter-pulse coherence has been found to be strongly deteriorated by SCG in PCFs
where SPM-based broadening dominates, a loss of intra-pulse coherence is most certainly not present as
precise measurement of the CEP can readily be achieved with residual jitters of only several ten mrad
for oscillators [12]. To the contrary, inter-pulse coherence is only weakly affected by the filamenta-
tion process, which is supported by ensemble averaging over Equation 3.3. Nevertheless, intra-pulse
coherence is degraded early on. Hence, while compression to Fourier-limited pulses is possible after
filamentation-based broadening, the loss of intra-pulse coherence renders phase-sensitive measurements
easily compromised. Both types of coherence certainly show similar trends, e.g., being sensitive to
incident pulse length and fluctuations.
To conclude, the findings describe very well the situation in most CEP detection schemes relying
especially on filamentation, where single-shot results have been seen to easily exceed 100 mrad despite
well-performing oscillators. Therefore, spectral extension seems favorable when relying on SPM con-
sidering the degradation of intra-pulse coherence, while MPI-dominated spectral broadening should con-
sider a trade-off between maximizing spectral densities and the loss of intra-pulse coherence by choosing
a media with appropriate band gap.
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3.5 Conclusion on Fundamental Limitations during Detection
Contrary to expectations, the reduction of the shot noise influence to a negligible extent revealed that a
far more dominating noise source during detection is present. This source hinders precise single-shot
CEP extraction and ultimately constraints achievable shot-to-shot jitters during stabilization. Indications
for this noise source are observed by strong fringe contrast variations for different measurement schemes
as well as 1/ f noise suspected to be originating from technical noise within the kHz amplifier system.
These findings point to a connection between the medium employed for spectral extension and a loss
of the phase relationship within the SC. The quality of the phase relationship within extended spectra
and subsequent phase transfer during second-harmonic generation is termed intra-pulse coherence. Its
degradation can explain the loss of fringe contrast as well as performance constraints seen in active as
well as passive CEP stabilization schemes.
Simulations assessing the phase evolution during supercontinuum generation revealed to favor sym-
metric SPM-dominated extension over plasma-driven filamentation as the latter suffers from strong
asymmetric broadening that leads to an increased uncertainty within the phase of the extended supercon-
tinuum. It can be assumed that the uncertainty in phase between successive pulses grows nonlinearly the
further the continuum is extended relative to the seed frequency. This suggests to favor symmetric instead
of asymmetric broadening. In the presented experiments relying on filamentation, the most symmetric
spectral extension is seen in sapphire, while the strongest asymmetric situation is found by employing
xenon at 8 bar. The latter exhibits the generation of local depressions and as a result refractive index
variations. In order to beat capping critical power and increase spectral densities within filamentation-
dominated broadening, lower nonlinearities and hence increased band gaps are needed. This has been
realized in the first part of this chapter, where the FOM has been maximized. However, maximizing
the FOM at the back-end of the detection and thereby enlarging photon numbers that form a fringe has
not been completely beneficial. When employing media with larger band gaps, a reduction in the ex-
traction precision of the CEP probably caused by intra-pulse coherence degradation is observed. This
can be understood if the position within the media is considered, where the Kerr nonlinearity-induced
self-focusing is halted by plasma generation. With the band gap determining the order of the ionization
rate at constant photon energy, the presence of intensity fluctuations may very well translate into position
variations where the balance between the self-focusing and plasma defocussing is met. This leads to
additional uncertainty from shot-to-shot, which also changes the spectral characteristics of the resulting
supercontinuum. Further, decreasing n2 translates into extended asymmetric broadening, as can be seen
between sapphire and CaF2. Hence, instead of simply maximizing the photon numbers by using media
with higher band gaps, a trade-off between band gap and hence n2 as well as a loss of intra-pulse coher-
ence needs to be considered. Additionally, it is seen that the compressibility or inter-pulse coherence is
not necessarily affected, enabling compression close to the Fourier limit, while the intra-pulse coherence
is reduced. Vice versa, the opposite situation is observed routinely in fibers, where the inter-pulse coher-
ence degradation inhibits nearly perfect compression, while precise measurement of the CEP is routinely
carried out within CEP detection of oscillator pulses.
The presented findings not only affect the supercontinuum generation in f -2 f interferometry, but
may also explain the high residual CEP jitters found in passive stabilization schemes [20]. With com-
mon OPA systems relying on spectral broadening prior to optical parametric amplification and subse-
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quent passive stabilization in a difference-frequency generation (DFG) setup [246], the presented results
may explain why shot-to-shot fluctuations of the carrier-envelope phase in such schemes occasionally
reach up to 1 rad, while typical average jitters are still around 200 mrad. Nevertheless, alternatives to
filamentation-ruled SCG can be found by using stereo above threshold ionization (stereo-ATI) [243] or
combining passive and active stabilization, the latter realized by frequency-doubling prior to supercon-
tinuum generation in combination with an additional 10 kHz bandwidth active stabilization [22].
Overall, intra-pulse coherence degradation can not only explain the observed performance limita-
tions in this thesis, but also sheds light on a broader range of CEP-stabilized lasers that rely on spectral
extension for CEP detection. These findings thus enable to give instructive guidance for further develop-
ments of CEP stabilization and allow to assess the suitability of an employed spectral broadening media
in terms of its introduced intra-pulse coherence degradation.
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In this thesis two different sources of CEP noise were identified that can strongly interfere with the CEP
stabilization of ultra-short laser pulses. While one source is detrimentally affecting the precision of the
CEP detection in the most common CEP stabilization schemes, the other is hindering the stabilization of
one particular type of Er:doped fiber lasers. In the first part of this thesis novel methodologies, namely
time-resolved Kendall-τ correlation analysis and the identification of the time-resolved statistical noise
properties are used to support the identification of a strong noise source in the Er:doped fiber laser.
It is concluded that the observed broadband CEP noise is a result of intra-cavity amplitude-to-phase
coupling within a semiconductor saturable absorber mirror (SESAM) that is operated too close or exactly
at an excitonic resonance. This coupling leads to a strong transfer of intra-cavity amplitude fluctuations
resulting from, e.g., amplified spontaneous emission, to phase noise and hence broadband CEP noise that
exceeds the laser response bandwidth.
In the second part of this thesis, the noise added during the detection of the CEP of amplified laser
pulses is investigated. It is concluded that the high levels of CEP noise observed in typical amplifier
stabilization schemes are not a result of a low number of detected photons that would lead to shot noise,
as was originally believed. Instead, the experiments and analysis carried out lead to the conclusion that
amplitude-to-phase coupling during spectral broadening induces substantial noise. This CEP noise is a
result of intensity fluctuations of the seed pulse that originates from fundamental sources such as, e.g.,
amplified spontaneous emission. Then, these fluctuations couple to phase noise during supercontinuum
generation. As a result of this coupling the phase relationship between different spectral components of
the extended spectrum is detrimentally affected, which is described here as a loss of intra-pulse coher-
ence.
Numerical analysis of the intra-pulse coherence degradation under different spectral broadening con-
ditions has revealed that asymmetric broadening induced by plasma-dominated processes, such as the
ones occurring during filamentation, lead to a much stronger degradation of the intra-pulse coherence as
compared to SPM-driven symmetric extension of the spectrum. This is in accordance with the general
experimental observation, where oscillator CEP detection employing SPM or soliton fission for spectral
extension in a fiber show substantially lower noise levels and hence higher CEP stability of the source
as compared to amplifier CEP detection that typically relies on filamentation in dielectric media. The
strong loss of intra-pulse coherence during filamentation is also in sharp contrast to the typically unaf-
fected inter-pulse coherence, the latter describing the compressibility of pulses to the Fourier-transform
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limit. While the inter-pulse coherence is commonly observed to degrade when employing fibers for
spectral extension, intra-pulse coherence seems to be only marginally affected under most conditions.
The numerical simulations also show that maximizing the number of photons during spectral broad-
ening to achieve the strongest measurement signal may lead to a strong loss of intra-pulse coherence
in combination with strong amplitude fluctuations at the edges of the generated broadband spectrum.
Hence, a trade-off between maximizing photon numbers and the corresponding intra-pulse coherence
degradation needs to be ensured for optimizing measurement precision. This statement is confirmed by
the presented comparative analysis of CEP detection schemes that relies on various media for filamentation-
based spectral broadening and where the photon numbers are maximized to avoid shot noise influence.
In those cases, the measured CEP stability performances is observed to be restricted above 170 mrad,
which is in accordance with the estimated noise resulting from a loss of intra-pulse coherence.
Overall, the concept of intra-pulse coherence not only explains the difference in CEP stabilization
performance of ultra-short laser pulses from oscillators and amplifiers, but also provides an explanation
for the strong CEP noise observed in passive stabilization schemes such as CEP-stable OPCPA systems.
In those systems, residual jitters have been seen to exceed 200 mrad, which can be explained by the
use of dielectric media (and hence filamentation) for spectral extension that enables deriving the seed
pulse from the pump pulses. The intra-pulse coherence loss in the filamentation process may lead to
shot-to-shot fluctuations of the passively-stabilized CEP of the resulting idler.
Applications that rely on a stable carrier-envelope offset (CEO) frequency, such as frequency metrol-
ogy, may also experience limitations caused by intra-pulse coherence degradation. In this field, the
measurement and stabilization of the CEO frequency relies also on f -2 f interferometry and hence re-
quires spectral broadening. Under certain conditions, the presented numerical simulations show that the
phase excursions can exceed pi even for SPM-driven spectral broadening. As a consequence the proper
identification of the frequency of the comb needle is spoiled.
To conclude, the concept of intra-pulse coherence introduced in this thesis can be used to judge the
suitability of a supercontinuum source for the desired application and is a helpful extension to the concept
of inter-pulse coherence when the phases are compared within one pulse. From the presented conclu-
sions, the following recommendations can be made. Avoiding strong asymmetric plasma-driven spectral
broadening during CEP detection should lead to an overall reduction of white CEP noise and thereby
ensure lower CEP jitters during stabilization. Furthermore, using the concept of intra-pulse coherence
to assess the necessary thickness of the supercontinuum medium and thereby adjust the amount of accu-
mulated nonlinear phase may enable finding an optimum compromise between maximizing photons and
ensuring the preservation of intra-pulse coherence. In general, minimizing intensity fluctuations of the
seed pulse as well as considering alternatives to f -2 f interferometry for CEP detection to avoid spec-
tral broadening such as, e.g., measurement methods that employ above-threshold ionization, are ways to
ensure further reduction of the impact of the CEP detection on the stabilization performance.
In the future, evaluation of the intra-pulse coherence degradation for the soliton fission process should
help to assess the situation when spectral broadening is carried out in fibers. Furthermore, the methodolo-
gies presented in the first part of the thesis should be applied to a wider range of lasers such as, e.g., thin
disk lasers, which may reveal more details on intra-cavity and extra-cavity CEP noise sources. Together,
the presented conclusions and recommendations may enable routine stabilization of amplified systems
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ADK Ammosov, Delone and Krainov.
AM amplitude modulation.
AOFS acousto-optic frequency shifter.
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FME forward Maxwell equation.
FND frequency noise density.
FOM figure-of-merit.





HHG high-order harmonic generation.
IAP isolated attosecond pulses.
IPN integrated phase noise.
LIDAR light detection and ranging.
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MPI multi-photon ionization.
NALM nonlinear amplifier mirror.
NEE nonlinear envelope equation.
NEP noise-equivalent power.
NOLM nonlinear optical loop mirror.
NPR nonlinear polarization rotation.
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PPLN periodic-poled lithium niobate.
PPT Perelomov, Popov and Terent’ev.








SESAM semiconductor saturable absorber mirror.
SFA strong-field approximation.
SH second harmonic.




SVEA slowly varying envelope approximation.
TOD third-order dispersion.
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